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Editor’s Foreword

Mairtin O Tnithail, Martin Joseph Newell (1910-1985), henceforth MOT, was a distin-
guished academic mathematician, and served as lecturer, professor, and president at
University College, Galway, with some earlier experience teaching secondary school in
Tralee. He wrote three books, of which two, both undergraduate textbooks, were pub-
lished in his lifetime. This book, whose title means “A New Course in Geometry", and
which was completed in the mid-fifties, was never published, as the financial support
that was needed was not forthcoming from the state. The book was intended for use by
teachers and pupils in the early years of secondary schools, and there was in place an
adequately-funded government scheme to assist with the publication of textbooks writ-
ten in Irish, so one might wonder why this text was not deemed worthy of support. To
make a long story short, the basic reason appears to be that the book was considered
too original, and hence unlikely to be adopted by many schoolteachers. In fact, the text
appears to have no parallel in any language.

Logic Press is pleased, with the consent of MOT'’s heirs, to make a facsimile of this
manuscript text available to the general public, not only because the content will be of
interest to mathematics teachers, but also because it preserves the living Irish of some-
one whose fluency and style were much admired. Like the Irish of most speakers of the
period, it does not adhere to An Caighdean (the official standard), and is all the more
interesting for that.

The online facsimile (in pdf format) is freely downloadable at the book’s home page:

https://www.logicpress.ie/2019-3.

The eight chapters of the text are in separate pdf files, named caibidill.pdf to caibidil8.pdf,
with a link to each on the home page. Each is a megabyte or two in size.
In the present document we include four elements:

* Afacsimile scan of the original manuscript, the original and unique copy of which
is in the possession of the Newell family. The scanned pages appear in sequence,
scattered through the document.

* The tentative transcription of MOT'’s text. This should become more accurate in
later editions. The transcriptions appear somewhere after their corresponding fac-
simile pages. We'll eventually aim to place the facsimiles on even-numbered (left-
facing) pages, so that each faces (at least the beginning of) its transcription.
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* A stab at an English translation of some of the text. We are more concerned with
mathematical accuracy than faithfulness to the language of the original. This En-
glish text is printed in a distinct colour, currently red. It appears in the same order
as the Irish text, and somewhere after the text it translates. In the meantime, any
Irish text in red is awaiting translation.

* Commentary and opinions of the editor, provoked by his reading of the text. This
is printed in a third colour, currently blue.

The possibility of issuing a printed facsimile edition is under consideration, and it
would be helpful to hear from anyone who might consider purchasing such a thing. It
would probably be expensive. If anyone is both competent and keen enough to help
(on a voluntary basis!) with the task of correcting the transcription of the text, or of
translating it into some other language, then the Press would be happy to proceed with
an inexpensive printed edition.

For the avoidance of doubt, I want to make it absolutely clear that neither MOT nor
any of his family had any hand, act, or part in any of the text in this document, apart
from the text included in the facsimile reproduction of MOT’s manuscript. Any errors or
opinions that appear are entirely my own.

Anthony G. O’Farrell
6 December 2024
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Caibidil 1

Mar is léir 6n ainm féin gedémétracht (.i. talamh a thémhas) is 6 ceisteanna cheardila
a shiolruigh an t-dbhar léine sin. 'Sé a threoraios captaen na loinge ar a chursa trid an
teiscinne mhor. Ghiobhaidh an stinéir treoir ann chun clar adhmaid a ghearradh de
réir deilbhe airithe sa chaoi is tiobhaisi. Airionn gach aoinne suiméatracht aoibhinn,
chérach i ndeilbh ard-teampaill mhaordha, agus feicfimid go bhfuil an tsuiméitreacht
sin bunaithe ar phrionsabail gedmétrachta a tharraing an foirginteoir chuige 4 leagan
amach do.

The origin in matters of trade or craft of our subject geometry is plain to see from
its very name: geo-metry means land-measurement. It guides the captain of a ship in
finding his course on the open sea. The carpenter finds guidance there for cutting a
wooden plank into some particular shape in the most economical way. Everyone recog-
nises beautiful symmetry in a majestic cathedral, and we shall see that such symmetry
is founded on the geometrical principles employed by the designer.

What is the difference between an art and a craft? In fact, there is no difference.
There is a lot of preciousness about “Art", these days. There is a community of self-
styled artists who set themselves apart from the rest of us, and indeed set themselves
above us. Some are painters or sculptors, novelists or poets, playwrights or actors, com-
posers or performers. They see their work as radically different from that of craftsmen,
tradesmen. But at its root, the word art just means skill, exactly the same as craft (but
coming to English from a different direction, East instead of South.) The Faculty of Arts
at the University of Paris was a faculty of skills. The skills were those of the trivium and
quadrivium. The skills of jewellers and watchmakers, carpenters and joiners, plumbers
and fitters, electricians and programmers, engineers and surveyers are not essentially
different from those of architects and film directors. These are all human skills, hu-
man art. The earliest relics of human activity studied by archaeologists are immediately
recognisable as human. What one recognises is the range of invention and ingenuity,
and the combination of utility and beauty.

The subjects of the quadrivium were geometry, astronomy, arithmetic and music,
so geometry has a claim to be queen and sovereign of the arts. This claim is supported
by the reported priority given it in the assessment of matriculands: At Plato’s Academy
those ignorant of geometry were denied entry, and the pons asinorum (Euclid 1.v) was
required at Paris.

De réir mar mhéadaigh an t-eolas gedmétrach le trialacha, fritheadh amach gur féidir



2 CAIBIDIL 1.

a fhirinni uilig a ghnothu le réastnaiocht as an oiread seo bun-phronsabal. tréith an-
aoibhinn san geémétriocht i sin, a mheall chuige meas agus dithracht na n-intleochta
ba mho cdil 6 ghliin go glin. Ni fhdgann sin dfach nach iomai uair pléisitir agus s6las
intinne a thug si d’intleachta ab uirisle i bhfad n4 iad.

As mankind’s knowledge of geometry grew, it was discovered that all its truths can
be worked out by reason from a number of basic principles. This is a sweet feature of
geometry, which has drawn to it the admiration and energy of the greatest intellects of
generation after generation. It has to be said, however, that geometry has also given
hours of pleasure and mental consolation to far more modest intellects.

Dlithéga

Ta an-chuid gnath-rudai a ndéanann ar gcéadfai eolas ddinn orthu, suite i spds tri-
mhiostrdha. Ar thréithre spdsila na neithe sin aithnimid ionad, méad, agus deilbh.
Athraitear an t-ionad md aistritear an rud o 4it go h-4it, ach més buan, seasmhach da
mhéad is d4 deilbh tugtar dliithég air. E.g. dlithdéga is ea cathaoir, bord, bosca na cailce,
etc.

D’féadfadh dhé dhlithog a bheith céimhionann le chéile ina méad is ina dheilbh
ionas gur macasamhla dér chéile iad ina dtréithe spdstla. Is minic freisin a citear dha
dhlithég atd ar comhdheilbh gan a bheith ar chémhmeéad.

Solids

Our senses make known to us many ordinary things situated in three-dimensional space.
Among the spatial properties of those things, we recognise their location, their size, their
shape. The location is changed if the thing is moved from place to place, but if its size
and shape remain unchanged then we call it a solid. For instance, a chair, a table, the
chalk-box are solids.

Two solids might be identical to one another in size and shape, so that they are exact
copies of one another in their spatial properties. One often sees, also, two solids that
have the same shape but are not the same size.

He’s skating on thin ice, here. But this is to be read not as formal mathematics, but
as an informal introduction. We are getting the pupils into the way of thinking that is
used in geometry. This requires us to relate the formal concepts of geometry to their
sense-experience to date.
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4 CAIBIDIL 1.

Dromchlai

Ta teora le gach dluthog atd cuimseach ina méad agus tugtar dromchla na dluthéige ar
an teorainn.

Surfaces

Each solid has an exact boundary (perimeter, limits, edges), and that boundary is called
the surface of the solid.

Tosach leathanach 2 sa LSS.

Siad na dromchlai is m6 a bhfuil taithi againn orthu, agus is iad a chinneas deilbh na
dlathoige.

Nuair a bhionn teach 4 chur suas is moér an spéis a chuireas an saor cloiche i dtts an
bhalla, de bhri gurb é a riailios daingneacht at ti. Nil suim ar bith ag an bpéinteoir sa
tis, afach; is ar dhromchla an bhalla a oibrios seisean.

Ar na dromchlai is simpli a bhfuil ar eolas againn aithnimid (i) dromchla leibhéal
balla réidh, (ii) dromchla bhosca na cailce, (iii) an sféir, (iv) an rothleoir, (v) an c6n cior-
calach, etc.

It is mainly the surfaces that we observe, and they determine the shape of the solid.

When a house is being built, the mason takes great care with the foundation of the
wall, because that determines the soundness of the building. The painter is not at all
interested in the thickness, however; he works on the surface.

Among the simplest surfaces we know about are: (i) the flat surface of a smooth wall,
(ii) the surface of the chalk-box, (iii) the sphere, (iv) the cylinder, (v) the right circular
cone, etc.

There are variations in the spelling of words. The manuscript shows evidence of work
aimed at achieving uniformity. The evidence consists of letters struck out, corrections
in red ink, and so on. For example drompla is altered to dromchla. There are a few
marginal comments on the mathematical content. I have no information as to whether
the corrections and comments were the work of MOT or of other editors. The variations
may be of interest to linguists, but in making the transcription I shall assume that the
final state of the MSS reflects the intent of MOT, and I shall attempt to respect that intent.
Thus, where a spelling is usually corrected, I shall correct any remaining instance I find.
For example, isea is almost always corrected to is ea in the MSS, and I make the same
change to any remaining isea.

I would appreciate the assistance of any reader who notices an error in transcription,
and I would welcome notice of such errors. This document is in continual revision, and
each release carries a ‘Draft Edition Number’ on the title verso, the fourth page of the
pdf file. please quote the draft edition number and the page number (usually top right,
sometimes bottom centre) and line number of the offending text. Page numbers of the
original MSS (where present) appear at top right, and may be used for reference, or you
may use the pdf document page number as you please.



Linte, Pointi

Is linte n6 luba iad teorann dromchla ar bith. e.g. citisa an bhalla, faobhar sgine. Ma
leagtar cupdn ar a bhéal faoi ar an mbord, tagann an d4 dhromchla le chéile i ldib chru-
inn.

Mar an gcéanna, sé an pointe a chriochnaios, né a chuireas teora le line. Is i bpointe
a theagmhaios dh4 line le chéile.

Lines, Points

The boundary (edges) of any surface are lines or curves. e.g. the edges of the wall, the
blade of a knife. If one places a cup upside-down on the table, then the two surfaces
meet in a sharp curve.

In the same way, points are what end a line, or constitute its boundary. Two lines
meet in a point.

Sonraithe, Abstraicsin

Nil aon chuimse lena bhfuil de dhealbha dhifritla ar na linte agus ar na dromchlai a
theicimid thar timpeall orainn, agus ba cheist r6-aimhréiteach i, tabhairt faoi na tréithe
spastla a mhinit mura simpliti an obair roimhré chémh moéir is is féidir. Is i m6dh na
geométrachta, nalinte is na dromchlai is simpli a thoghadh i dtosach, féachaint an féidir
na dealbha eile go léir a mhiniua leo. Ni mor freisin na téarmai buntsacha a shonrai sa
gcaoi nach baol ar bith nach € an chiall chéanna a bhaineas chuile dhuine astu.

Nuair adeir éoinne go bhfuil Gaillimh 130 mile bealaigh 6 Bhaile Atha Cliath, tuigfear
laithreach € cé gur fit linne an smaoineamh a bhreithnit tuille.

Definitions and Abstractions

There is no end to the variety of shapes that the lines and surfaces we see about us have,
and it would be a hopeless task to try to explain all their spatial properties, unless the
job were simplified as much as possible to start with. The method in geometry is to start
with the simplest lines and surfaces, and then use them to explain all the others. It is
important, too, to define all the basic terms, to avoid the danger that not everyone will
understand their meaning in the same way.

When someone says that Galway is 130 miles from Dublin, we understand straight
away that it is worth pursuing that thought a little further.
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Tosach leathanach 3 sa LSS.

Maé fiafraitear de cé’n 4it i nGaillimh (agus i mBaile atha Cliath) atd i gceist aige, déar-
fadh sé go bhfuil Faiche Mhér na Gaillimhe 130 mile 6 Shraid Ui Chonaill i mBaile Atha
Cliath. Ach tig linn a thiafrai aris cé’'n it i Srdid Ui Chonaill, etc. M4 leantar de sin tu-
igeann sé go mbeidh sé i sdinn againn ar deire, agus is décha go n-abrédh sé gur cuma
cé’n 4it sa bhFaiche Mhor (n6 sa gcathair sa chds sin de) a thoghtar, mar is ri-bheag an
difriocht a dhéanas sé sin ar ghualainn 130 mile.

Sé sin le rd, samhlaitear an dé chathair mar aiteacha a bhfuil ionad cinnte acu, ach
feileann sé duinn amanta neamhshuim a dhéanamh d’4 méad nuair nach fia linn an
difriocht a déanfhadh sé sin a direamh.

Ag machnambh duinn ar thréithre ruda ar bith, is minic gur mian linn tas dite in ar
gcuid smaointe a thabhairt do thréith 4irithe amhadin seachas na cinn eile go 1éir, gur
cuma ann no as iadsan sa réastinacht. Ba mhor an simpliti gan ord ar bith a thabhairt
orthu. Is gnds linn ina leithéad de chds, neashuim a déanamhde na tréithre breise sin in
aon turas, agus a ligean orainn nach bhfuil siad ann.

Tugtar abstracsiun ar an moédh smaointe sin. Fearacht an ghnédth-duine is mér an
leas a bhaineas an ge6métracht as d’fhonn simplithe agus soiléireachta. e.g. Nuair
deirtear go bhfuil teach éirithe leath-bhealaigh go direach idir an stdisitin agus oifig an
phoist, déantar neamhshuim in aon turas de thoisi na dtri bhfoirgninti sin.

If he were asked which place in Galway (or in Dublin) he is talking about, he could
say thatitis 130 miles from Ayre Square to O’Connell Street in Dublin. But then we could
ask, which place in O’Connell Street, etc. If we carry on like that, he will realise that he is
eventually going to be stuck, and he may say that it does not matter which exact place in
the square (or in the city) are chosen, because that is going to make very little difference
on top of the 130 miles.

In other words, one thinks of the two cities as things that have a definite location, but
sometimes it suits us to ignore their size, when that is not going to make a significant
difference in the calculation.

When we think about the properties of any thing, it often happens that it suits us
to give first place to some particular property, over all the others which are of no impor-
tance for the question at hand. It greatly simplifies matters if we ignore them completely.
Our usual practice in that kind of situation, is to take no interest in those other proper-
ties, and pretend they don’t even exist.

This way of thinking is called abstraction. In contrast to the ordinary way of thinking,
geometry makes a great deal of use of it in order to achieve simplicity and clarity. For
instance, when one says that some house is halfway between the Post Office and the
Station, one is ignoring the sizes of those three buildings.
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An Pointe

Td ionad ag pointe geométrach ach nil méad a bith ann.

D4 réir sin abstracsitn is ea an pointe geémétrach agus nil aon taithi ag ar gcéadfai air.
Nuair déantar marc an-bheag ar an bpdipéar le peann luai, ni miste pointe a thabhairt
air, cé nach fior-phointe é de bri go bhfuil méad airithe ann. D4 laighead é an marc

Tosach leathanach 4 sa LSS.

is ea is goire don phointe é.

De bhri gur abstracsitun é td sé fanach againn a bheith ag suil le sampla beacht.
Ni r6-dheachair 4fach a leithéad a shamhla agus feicfear gur mér an gar é sin chun
réasunaiocht geémétrach a shimplit.

The Point

A geometric point has position but has no size.

It follows that a geometric point is an abstraction, but our senses cannot experience it.
If one makes a small mark on paper, we might as well call it a point, even though it is not
areal point because it has some size. The smaller the size, the closer it comes to a point.

Since it is an abstraction, it is futile for us to ask for a real actual example. It is not
too hard, however, to imagine such a thing, and it will be seen how much that helps to
simplify geometric reasoning.

Linte; An Dronline

’Sna gnathlinte a chimid thar timpeall bionn fad éigin, cé go mbionn a bheag n6 a mhor
de leithead agus de thits iontu freisin. De bharr neamhshuim a dhéanamh den leithead
is den tits, faightear abstracsitin d’a ngoirtear line geémétrach.

Td fad i line, ach nil tomhas ar bith eile inti.

Nil aon chuimse lena bhfuil de lite dhifrila a ghabhann tri dha phointe A agus B, ach
ni féidir gan sondas a thabhairt do line amhadin acu thar na linte eile go 1éir, t4 si chomh
simpli, follasach sin .i. an dronline AB.

Td tuairim ag gach duine roimhré fa casadhis dronline ann. Chun thréithre na dronline
a mheas, breithnimis i dtosach cé’n chaoi a n-aimsionn an foirginteoir (n6 an garradéir)
é.

Tré na “pointi " A agus B, coéirionn sé piosa corda, agus mds corda caol € is geall gur
lib ge6métrach idir A agus B a léirios sé ansin. Tarraingionn sé an corda sin go mbi si
teann chun an line is giorra idir A agus B a fhail, agus cinntear sa chas sin an dronline
idir A agus B.

(1) 'St an dronline an line is giorra idir dhd phointe.



10 CAIBIDIL 1.

Curves. The Straight Line

The ordinary curves that we see about us have length, but they also have width and
thickness. By ignoring the width and thickness, we get the abstraction called the geo-
metric curve:

A curve has length, but has no other dimensions

There is no limit to the number of different curves that pass through two points A and B,
but one has to give pride of place to one curve over all the others, because it is so simple
and important, the straight line.

Everyone has some idea to start with of what a straight line actually is. To examine
the properties of the straight line, let’s look at how a builder (or a gardiner) finds one:

He passes a string through the points A and B, and if it is a narrow string, then it is
something like a curve between A and B. He pulls the string tight to find the shortest
curve between A and B, and that determines the straight line between A and B.

(1) The straight line is the shortest line between two points.

The fourth page of the manuscript has the first diagram. It shows what we usually
call (the image of) a (parametrised) curve. From Euclid’s day to MOT's, it was called a
line. In mathematical writing nowadays, a line is usually understood to be straight, but
when MOT wrote, a straight line needed its adjective. It was also called a right line, and
in Irish dronline.
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12 CAIBIDIL 1.

Chun an dronline AB a shineadh, tégann an foirginteoir pointe ar bith C san dronline,
agus coirionn

Tosach leathanach 5 sa LSS.

T4 Fioghair anseo sa LSS, leathanach 5.

sé corda teann CX 6 C, a ghabhas tré B freisin. Is eol d6 go dteagmhaionn an da
chérda le chéile ar feadh CB, agus nuair déantar neamhshuim den tits, deir sé gur aon
dronline amhdin iad CX agus AB a théigheas tri C agus B.

(2) Tré dhd phointe ar bit, ni théigheann ach dronline chinnteach amhdin.
Is ionann € sin agus:—

(2)’ Is aon dronline amhdin, dronlinte a bhfuil dhd phointe dhifritla orthu san am
céanna.

Tréith eile den dronline é gur féidir ceann acu a shleamhnt ar cheann eile. e.g. an
d4 cérda AB, CX thuas. De bhri go ndéantar neamhshuim den tits is cirte a rd go
sleamhnaionn an dronline geémétrach uirthi féin. Is minic a tugtar line dhireach ar
dhronline, agus feicfear i gCaibidil IV? go bhfuil baint ag diri na dronline leis antréith
deiridh sin.

To extend the straight line AB, the builder takes any point C on the line, and he
stretches a cord CX from C, that passes through B as well. Obviously, the two cords lie
together along CB, and when one ignores the thickness, one says that AB and CX form
(part of) a single straight line that passes through C and B.

(2) Through any two points goes just one definite straight line.
That amounts to the same thing as saying:
(2)’ Two straight lines coincide if they share two different common points.

Another property of straight lines is that one can slide one along another, e.g. the
two cords AB,CX above. Since one ignores the thickness, it is more correct to say that
one can slide a geometric straight line along itself. A right line is often called a straight
(direct) line, and it will be seen in Chapter IV? that the straightness (direction?) of the
line has a connection to that last property.

The straight line or right line is defined as a geodesic, and the uniqueness of the
segment between two points and the whole extended geodesic is assumed axiomatically.
Length is an undefined term.

The same term “straightline" is used for the line segments and the whole unbounded
lines, but MOT carefully draws a distinction bewteen them. One could formalise what
he does by defining the whole line as an equivalence class of segments.

Dromchlai: An Plana

De bharr neamhshuim a dhéanamh de thits na ngnath-dhromchlai gnéthaitear ab-
stracsitin d4 ngoirtear dromchla geémétrach.
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Orthu siad ta dromchla slinn réidh a dtugtar pldna air: e.g. dromchla balla min,
dromchla locha chitin.

Nuair a bhios urlar stroighne dé leagan sios ag foirginteoir, leagann sé clar fana faob-
har dhireach anuas ar an stroighin, ionas go bhfuil dhéd cheann an chldir ar an leibhéal
ceart. Deasaionn sé dromchla na stroighne mads gé €, chun go luionn an faobhar direach
uilig air go cruinn. Bogann sé an cldr anonn is anall agus is eol d6 nach urlér leibhéal é,
go luii onn an faobhar direach ar a thad air i ngach ionad. .i.

Dromchla is ea an pldna a chrioslaionn go h-iomldn gach dronline a theagmhaios leis
i ndhd phointe dhifritla.
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Tosach leathanach 6 sa LSS.

Is i ndronline a thagas dha phldna le chéile. Mar, md’s pointi A, B atd ar an d4 phlana,
is 1éir gi luionn an dronline AB go h-iomlan san d4 phldna. e.g. balla agus urldr an
tseomra; dha leathanach leabhair.

Surfaces. The Plane

By ignoring the thickness of an ordinary surface, one obtains the abstraction known as
a geometrical surface.

Among these is the smooth, even surface called a plane: e.g. the surface of a wall, the
surface of a placid lake.

When a builder is laying down a concrete floor, he lays a plank with a straight edge
on it, so that the two ends of the plank are at the right level. He touches up the surface of
the cement as need be, so that the edge lies directly on it all along its length. He moves
the plank to and fro, and he knows that he has a level floor when the edge lies directly on
it in every position. i.e.

A plane is a surface that contains the whole of any straight line that meets it in at least
two points.

Two planes meet in a straight line. For, if A and B are points on the plane, then the
whole straight line AB lies in both planes. e.g. the wall and floor of the room, two pages
of a book.

Ceisteanna

1. Cé mhéid aighthe i mbosca na cailce? Cé mhéid faobhar? Cé mhéid ctinne? Més
fior-phldnai iad na aighthe, dronlinte is ea na faobhair. 'Tuige? Cé méid aighthe a
ghabhas tri fhaobhar ar bith? Cé mhéid faobhar a théigheas tri ctiinne ar bith?

2. Ainmnigh tri pldnai agus tri dronlinte sa seomra. Tabhair sampla de (i) phldna
agus dronline a luios ann; (ii) de phldna agus dronline a thagas le chéile in aon
phointe amhain.

3. Teaspadin tri pointi sa seomra a citear duit a bheith in aon dronline amhain (i)
nuair atd péire acu ar bhalla den tseomra, agus (ii) nuair nach bhfuil ach ceann
acu ar an mballa.

4. Tabhair sample de tri pointi agus phldna a ghabhas triothu. nuair at4 péire acu ar
bhalla amhdin agus an ceann eile ar an mballa 6s a chéir.

5. Faigh roithleor ciorcalach agus deimhnigh le faobhar direach (i) go bhféadfadh
dronline a luighe san dromchla sin agus (ii) go bhfuil dronlinte ann a ghearas i
ndha phointe dhifridla é gan a bheith ina luighe ar an dromchla.

Dromchla ag sleamhna air féin:
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CAIBIDIL 1.

6. Faigh roithleoir cuasach agus dla-roithleoir eile a thoileann go beacht ann. Fioruigh
gur féidir dromchla an dla-roithleoir a shleamhnu ar an dromchla a theangmhnios
leis amuigh ar thri mhédh:

(i) Nuair is sios suas go direach, gan casadh ar bith, a ghluaiseas an dli-roithleoir
(oibriu loinithe i roithleoir)

(ii) Nuair a chasann an dli-roithleoir timpeall gan barr an roithleoira a dhul ar
aghaidh (oibrita acastéra)

(iii) Nuair a chasann agus a ghluaiseann an roithleoir ar aghaidh san am chéanna
(gluaiseach scri).



T

P 'z) MfW%)WWﬁMQ%&M
Rearflat, pleorhnigl, roch h-athrailios wonmd re afise tonloive
. aafa;,dybmrmkﬁa’%mh%ﬁ.
Sh e an filf @ n- o, Cakbstii Afiteock g0 wish L
Fewaoars, aftieach, st o Mirtlosm, o Linthibin Go <rusiun Onn (Stas

e o —

it (Lnthroideact ) Baidtar Gio a8 & Gearf om diune.

Jofotlfavct g0 absombrminon florm. o fhlars, friiaitr, vect
QWM?m&a emech Ardey

i MG cuitimy Arert- Bhoochall ;«W&«M&f@'ﬁl
W floliy o tnnaccht Gesjincd dip AE Cee o Rpple | Lo Mhei rock
cstlear ¢ Uhfath och an Gidle, A miole ra leoelallll 24, a
m%& CTiks o A At Noari- hacd
Coplthiil Aiionm, Hho” e o chor LaolA L oQlA | Lf Lo Dok
Rodcoch (wiail) mie tbhomh G £ ba aou o lompod 3o e am
&MW;M“CA"“LW r.u?e,‘,;m',“ hﬁ"(‘”"fl‘
JRor binn, Jo geoidbfoh an falat o Ghedk homf o Lot an gecin
Y SWWMMJW}WMQMW%M
L -t Lorbao Afdaiil omdia, ke Comedia v anfhol O 'fheia
f’d“nm b5 a kel "‘;nﬁﬁvtl. h6 hei Georim. nd an (el
Na= Conhihoda Lo ala” AL, Aofleat 3y & L o Ko Lo
(‘a:fa,\{;a«&ac)%' Jarma«ivw?:mﬂqd—dl
Mon ar Gectnea 2 Aoilelp AniTRe | O ar e A, S
IS Juurron ras Faol | Ak o Affut dhoT flvgion, tirpriiae,
Aonpiis GNb horarey 7oA Agus Kellh OAGHh, Jo ar on Jewra
s o Cuilin ofo” hTpbais fRliFcta & Jerimhiens e Kile,
Maidss ke diba dRO s Aag B, ks Goo Abp, A
awma%af&d(ade}»vf'ﬂfwﬂawyo%,&w |
oa'\thaw&é/\A—ioLfamaA‘ct%a. W‘?‘«
A agus 15




18

CAIBIDIL 1.

Tosach leathanach 7 sa LSS.

Ma castar sféir timpeall fearsaide ar bith a ghabhas trid na cheartldr, deimhnigh
nach n-athraitear iodad na sféire iomldine sa spds, cé go mbogann na pointi difriila
den sféir féin.

Sin é an f4 go n-oibrionn liathréid sféireach go réidh i gcuasédn sféireach eile a
dtoileann an liathréid go cruinn ann (scitta? liathréideach). Baintear tsaid as i
gcorp an duine.

Is follasach go sleamhnionn pldna ar phlana freisin, rud a mbeidh gnotha againn leis
amach anseo.

Questions

1.

How many faces does the chalk-box have? How many edges? How many corners?
If the faces are true plances, then the edges are straight lines. Why? How many
faces pass through any edge? How many edges pass through any corner?

Name three planes and three straight lines in the room. Give examples of (i) a
plane and a straight line that lies in it, (ii) a plane and a straight line that meet in a
single point.

. Show three points in the room that appear to you to be in a single straight line (i)

with two of them on a wall of the room; (ii) with only one of them on the wall.

Give an example of three points and a plane that goes through them, where two of
them are on one wall and the other one is on the opposite wall.

. get hold of a circular cylinder and verify with a straight edge (i) that a straight line

could lie on the surface, and (ii) that there are straight lines that cut it in two dif-
ferent points without lying on the surface.

A surface sliding on itself

Get a cyclidrical shell and a solid cylinder that fits snugly into it. Verify that the
solid cylinder can slide against the shell in three ways:

When the solid cyclinder slides straight up and down inside the shell (the motion
of a piston in a cyclinder);

When the solid cylinder spins around without its end moving up or down (the
motion of an axle in its housing)

When the solid cylinder twists and moves up at the same time (the motion of a
screw).

If a sphere turns about any axis through its centre, verify that the sphere as a whole
does not alter its position in space, although the individual points of the sphere do
move.
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That is why a spherical ball can move smoothly in a spherical socket that fits it
precisely (a ball joint). This is used in the human body.

Of course, a plane can slide on a plane as well, a matter with which we shall have more
to do later.

Congriacht

M4 cuirtear beirt bhuachaill ina seasamh taobh le taobh, is féidir a innseacht sa gcaoi
sin cé acu is dirde. De bhri nach gcuirtear i bhfdc ach an 4irde, ni miste na buachailli sin
a shamhld mar doingh de gur dronlinte a bhi ionntu. Nuair nach caoithitil ddinn dha
dhronlinte a chur taobh le taobh, tig linn slat dhireach (riail) atd chomh h-ard le line
acu a iompar go dti an line eile agus iad a chur i gcoibhneas sa gcaoi sin. Is follasach,
dar linn, go gcaithfidh an tslat a bheithchomh h-érd leis an gcéad line san ionad nua
freisin, ionnus gur mar a chéile déibh an t-aon tomhas spéstiil amhadin atd ionntu viz.
an fhad. D’théadfadh an dara line a bheith nios faide n6 nios giorra nd an tslat. Ma’s
comhfhada leis até sé, deirtear go bhfuil an da line (agus an tslat) congriiach. Sa gcas sin
macasambhla d4 chéile is ea iad ina dtréithe spésula.

Mar an gcéanna is soiléar ddinn-ne, ar an gcuma sin, gur mé pingin na raol, ach
go bhfuil dhd phingin congriiach, ionnus gurb ioann méad agus deilbh déibh. Is ar an
gcuma sin a gcuirtear dhd thiogair pldnacha i gcoibhneas lena chéile.

Maidir le dha dhlathog A agus B, tar €is diinn A a chur in it ar bith eile, mas féidirB
a chur go cruinn, beacht san ionad mar a raibh A i dtosach, dlithéga congriacha is ea
Aagus B.

Tuigfidh an 1éitheoir anois nach féidir dha thiohair geométrachta
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Tosach leathanach 8 sa LSS.

a chur i gcoibhneas le chéile gan gluaiseacht éigin. Nuair tugtar ddinn go bhfuil dha
dhromchla (n6 d4 fioghair phldnacha) congriach, is ionann é sin is a r4 gur féidir ceann
acu a leagan anuas go cruinn ar an gceann eile de bharr gluaiseacht dirithe.

Congruence

If two boys are placed side by side, one can then tell which is taller. Since only their
height is in question, you might as well imagine the boys as straight lines. If it is not
convenient to place the lines side by side, one could carry a straight rod that is as long as
one of the lines over to the other and compare them in that way. It is obvious to us that
the rod will have the same height in its new location, because it shares with the first line
the one spatial dimension it has: its length. The second line might be greater or less than
the rod. Itit has the same length, one says that the two lines (and the rod) are congruent.
In that case they are copies of one another as far as their spatial properties ar concerned.

In the same way it is clear that a penny is bigger than a sixpence, but that two pennies
are congruent, so that they have the same size and shape. That is the way one relates
plane figures to one another.

As for two solids A and B, if, after moving A away we can move B so that it exactly
fills the space vacated by A, then A and B are congruent solids.

The reader will now understand that it is impossible to compare geometric figures
without some movement. When we are told that two surfaces (or two planar figures) are
congruent, that is the same as saying that one of them can be laid down exactly on the
other as a result of some movement.

Length is undefined, but “it is obvious to us" that it is a property of objects that re-
mains invariant when they are moved about. The underlying level one theory must have
the axiom that the metric on space admits a reasonably rich group of isometries.

Téarmai

Tugtar ciorcal ar an laib chruinn a ghineas pointe séinséalach ar phldna, a fhanas an
thad chéanna amach 6 phointe shocair (lar an chiorcail) agus é ag dul timpeall.

Ta Fioghair anseo sa LSS, leathanach 8.

'Sé ga an chiorcail an fad buan atd idir an lar agus an pointe gluaisteach.

Le compas a linitear ciorcail san gedmétracht. Amanta is mar chaidh’te (.i. idir taobh
istigh agus teora) a samhlaitear an ciorcal, agus sa chds sin tugtar imline an chiorcail ar
an line teorann ACDB.

Tugtar larline ar dhronline ar bith tréna lar e.g AB. Coérda is ea line eile a i ndha
phointe é; e.g. CD. Tugtar stua den chiorcail ar phiosa den imline e.g. CD.

Amanta scriobhtar an nod o in it “chiorcail".

The name circle is given to the curve generated by a variable point of the plane that
stays the same distance from a fixed point (the centre of the circle) as it moves around.
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The radius of the circle is the constant distance between the centre and the moving
point.
In geometry, one draws a circle with a compass

T4 Fioghair anseo sa LSS, leathanach 8.

Sometimes people regard a circle as a disc (.i. having both inside and boundary), and
in that case the boundary curve ACDB is called the perimeter of the circle.

Any straight line through the centre is called a diameter; e.g. AB.

A chord is another line that cuts it in two points; e.g. CD.

A piece of the perimeter is called an arc; e.g. CD.

Sometimes one writes the symbol © in place of “circle".



=

="

3| %MMM«fm AB,C, TogGe forte ar 6K X o

B agus Lok or otk ) o CA. Ngﬂb.o«/elo,mum

‘AF%W“MM%MXh%
Co L AB.

Al tila BC LR, (AL ZK apur AB L XY,

4)  Oronlile Leofgnhiflocha safo £ oager m  Tiglos Ao fordsor
/6-:4( A B C c;\mau(&a.rzl- %M’M’Awq
(Khike o om AL LMW

WM%J‘& BL 4 AM BN LM Ay &LC

5) 8¢ foils im ot a chide ar inbis W%'A,ﬁ,c,,o,g,r
Fagh fowls Lafprhste AC L BF A0 L BE, C& & oF, ag..,



24

CAIBIDIL 1.

Cleachtaithe ar Liniocht le Compas agus Riail

1.

Tarraing ciorcal ar lar d6 pointe dirithe A a ghabhas tri phointe dirithe eile X. Tar-
raing ciorcal eile tri X gur ladr d6 pointe dirithe B. Mds i bpointe Y a thagann an
dé ciorcail le Ihéile aris, faigh an pointe M ina ngearann na dronlinte AB agus XY
a chéile. Deimhnigh leis an riail go bhfuil na linte M X agus MY comhfhada.

. Tagann dhd dronline le céile i bpointe A. Ar dhronline acu gearrtar mireanna

comhthada AX is XB, agus mar an céanna déantar AY c6mhfhada le YC ar an
line eile. Deimhnigh gur faide faoi dh6 BC na XY.

Tosach leathanach 9 sa LSS.

. Tri pointi ar bith is ea A, B, C. Tégtar pointe ar bith X in BC agus pointe ar bith Y

in CA. Més in O a thagann na linte AX agus BY le chéile, faigh an pointe Z ina
dteagmhaionn CO le AB.

Deimhnigh gur pointi in aon dronli ne amhdin iad, pointi teagmhéla BC le Y Z,
CAle ZX agus ABle XY.

Dronlinte teangmhdlacha is ea ¢ agus m. Togtar tri pointi are bith A, B,C in ord a
chéile ar ¢; agus tri pointi L, M, N in ord a chéilee ar m.

Faigh pointi teagmhdla BLle AM, BN le MC, AN le LC agus deimhnigh gur pointi
in aon dronline amhdin iad.

. Sé pointi in ord a chéile ar imline chiorcail isea A, B,C,D, E, F.

Faigh pointi teagmhdla AC le BF, AD le BE, CE le DF, agus deimhnigh gur pointi
in aon dronline amhdin iad.

Exercises on Drawing with Ruler and Compass

1.

Draw a circle with centre at some point A that goes through some other point X.
Draw another circle through X with centre at some other point B. If the two circles
meet at the point Y, find the point M in which the the straight lines AB and XY
meet. Check with the ruler that the lines M X and MY have the same length.

. A pair of straight lines meet at a point A. On one of those straight lines cut equal

segments AX and XB, and in the same way make AY the same length as Y C on
the other line. Verify that BC is twice as long as XY

. Take three points A, B, C. Pick any point X on BC and any point Y on CA. If the

lines AX and BY meet at the point O, find the point Z at which CO meets AB.

Verify that the points where BC meets Y Z, CA meets ZX, and AB meets XY lie
on a single straight line.
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4. The straight lines ¢ and m meet. Take any three points A, B, C in order on ¢; and
any three points L, M, N in order on m.

Find the points where BL meets AM, BN meets MC, and AN meets LC, and verify
that they all lie on a single straight line.

5. Take six points A, B,C, D, E, F in order on a circle. Find the points where AC meets
BF, AD meets BE, and CE meets DF, and verify that they all lie on a single straight
line.

For more on these exercises, see the last chapter.
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Caibidil 2

Casadh an Phlana

Tosach leathanach 10 sa LSS.

Rotating the Plane

2.1 Casadh

Nuair a castar roth timpeall ar acast6ir shocair, ni athrionn ionad an rotha iomléin sa
spas cé go ngluaiseann na pointi difritla den roth sin. Is amhlaidh go nglacann gach
pointe P, de bharr casta dirithe, an t-ionad ina raibh pointe éigin eile Q den roth roimhe
sin. 'Sé lar an rotha an t-aon pointe amhdin nach mbogann. Nuair nach miste neamh-
shuim a dhéanamh den tits agus an roth a shamhla mar doigh de gur fioghair phldnach
a bhi ann, tig linn a rd go sleamhnaionn pldna an rotha air féin.

Mar an gcéanna, is féidir pldna gedmétrach a shleamhnu air féin ionas go gcoinnitear
pointe amhdin O (agus gan ach an pointe sin) socair. Tugtar casadh an phldna timpeall
O ar an ngluaiseacht sin.

Tiglinn an ghluaiseacht id a 1éirit mar sea leanas. Leag paipéar tri-shoillseach anuas
ar phéipéar eile atd ar an mbord, agus sath biordn thriothu ag pointe O. Linigh fiogair
ar bith ar an bpdipéar iochtarach agus rianuigh an thii ogair céanna ar an bpéaipéar thri-
shoillseach. M4 coinnitear an pdipéar thios socair le linn diinn an ceann eile a shleamh-
nuair, timpeall O, 1éirionn sé sin cé’'n chaoi a n-aithritear ionad na fii ogaire de bharr
chasta dirithe.

Cé go bhfuil dha phéipéar sn 1éiri’u, is mar aon phldna amhdin a samhlaitear ddinne
iad, mar déantar neaspds de thitis na bpdipéar. Comhairlitear don léitheoir an modh sin
a chleachtadh go mbi eolas maith aige ar chasadh an phldna. Is ceart d6 go h-dirithe a
d6 no a tri de (i) phointi, (ii) de dhronlinte tri O, (iii) de chiorcail ar lar d6ibh O, (iv) de
dhronlinte nach ngabhann tri O, a ghrinnit, féachaint céard a bhaineas d6ibh de bharr
na gcasadh ndrifrial timpeall O.

27
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2.2 Rotation (Turning)

When a wheel rotates on a fixed axle, the position of the wheel as a whole in space does
not vary, even though the various individual points of the wheel do move. In fact, as a
result of the rotation, each point P of the wheel occupies the position that was previously
occupied by some other point Q. The centre of the wheel is the only point that does not
move. When we ignore its thickness, and think of the wheel as a plane figure, we may
say that the plane of the wheel slides round upon itself.

In the same way, it is possible for a whole geometrical plane to slide around on itself
in such a way that some point O (and only that point) remains fixed. That kind of motion
is called a rotation of the plane about O.

We can illustrate that motion as follows. Place a sheet of transparent paper down
flat on another sheet of paper on the table, and stick a pin through them at the point O.
Draw any figure at all on the lower sheet, and trace the same figure on the transparent
paper. If you keep the lower paper fixed while sliding the other sheet round, that shows
how the position of the figure varies as a result of particular rotations.

Even though this trial involves two sheets of paper, we think of them as a single
plane, because we ignore the thickness of the paper. The reader is advised to try out
this method until he has a good understanding of the idea of a plane rotation. In par-
ticular, he should try drawing two or three of (i) points, (ii) straight lines though O, (iii)
straight lines that do not pass through O, and see what happens to them as a result of
different rotations around O.
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Tosach leathanach 11 sa LSS.

2.3 Dha Treo an Chasta. Casadh Iomlan

Ag tracht duinn ar chasadh dirithe timpeall O, ta dhéd chaoi ina bhféadtar pointe (n6
dronline, etc) a shamhlu :
(i) mar ionad tosaigh an phointe (n6 na dronline) sin féin, né
(ii) mar ionad deiridh phointe (n6 dronline) éigin eile de bharr an chasta.
Beidh sé soiléir i gcomhnai cé acu den da chiall sin a bhéas i gceist.
Ta dha threo chontrardha ann chun plédna a chasadh ionntu:
(a) i n-aghaidh threo snathaidi an cluig, n6
(b) i gcémhthreo leo.
D’thonn idirdhealt idir an dé threo sin tugtar casadh deimhneach ar (a), agus casadh
ditltach ar (b).

Is soiléir gur féidir an pldna a chasadh timpeall ar phointe ar bith, ionas go gcuirtear
gach pointe (agus gach fiogair) ar ais mar a raibh sé i dtosach. Tugtar casadh iomlan ar
an gcasadh is Ia a dhéanfadh é sin.

Ta casadh eile ann a chuireas OA ar OB (agus a chuireas OB ar OA) it gur dronline
ar bith tri O 1 AB, ionas nach nathrionn ionad na dronline iomldine dé& bharr, cé go n-
athritear pointi éagstla na dronline sin go 1€éir, cé is moite de O. Is cuma deimhneach
n6 diudltach don chasadh sin, 'sé an chds céanna é maidir le pointi an phldna, agus mé
cuirtear i ngniomh in athuair € is ionann é sin agus casadh iomlan. Tugtar a leath de
chasadh iomlédn ar an gceann sin.

2.4 The two directions of rotation. Full rotations.

When we talk about a particular rotation about O, there are two ways to think of a point
(or a straight line, etc):
(i) as the starting position of that point (or straight line), or
(i) as the final position of some other point (or straight line) after the rotation.
It will always be clear which of the two ways is in question.
There are two opposite ways to turn a plane:
(a) counterclockwise or (b) clockwise.
In order to distinguish between those two ways, we call (a) a positive rotation, and (b) a
negative rotation.

Obviously it is possible to turn the plane around any point in such a way as to bring
each point (and each figure) back into its original position. We call the least rotation that
does that a full rotation.

There is another rotation that puts OA on OB (and puts OB on OA) when AB is any
straight line through O, so that the position of the whole straight ine is not changed, even
though all the points of the straight line do move, apart from O. It makes no difference
whether that rotation is positive or negative, it has the same effect on all points of the
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plane, and if the same rotation is repeated it has the same effect as a full rotation. This
rotation is called half of a full rotation.
AB is not quite any line through O.
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2.5. UILLEACHA 33

2.5 Uilleacha

Chun dronline a h-aon (sa 1éardid) a leagan anuas ar dhronline a d6 , teastaionn casadh
airithe timpeall O, agus ’sé a chontrardha sin a chuirfeas dronline 2 ar dhronline 1:

Tosach leathanach 12 sa LSS.

Ta Fioghair anseo sa LSS, leathanach 12.

Isionann an uille idir na dronlinte OA is OB agus méad an chasta (timpeall a bpointe
teagmhala) a chuireas OA fan OB.
'Siad na linte OA,OB géaga na huilleann, agus si O an rinn.

Tabhair faoin ndeara nach bhfuil baint ar bith idir méad na nuilleann agus fad na
ngéag.

Ma thélajonn go leagtar line 3 ar line 4 de bharr an chasta a chuireas line 1 ar line 2,
deirtear go bhfuil an uille idir na linte 1 is 2 cothrom, n6 ar comhmbhéad, leis an uilinn
idir na linte 3 is 4. [Scriobhtar an nod = is it “cothrom le"]. Ciallaionn AOB an uille idir
OAis OB ach is é a chomarth lelitir gréigise @ (n6 B,7y, etc) is m6 a déanfar sa leabhar
seo: .i. AOB = @ is bhfiog L,1I.

Chun dron line 1 a leagan anuas ar dhronline 3, nior mhoér casadh & is dtosach agus
casadh eile ,3 ‘ina dhiaidh sin, gurb ionann i dteannta a chéile iad agus casadh singil
airithe timpeall O. Ni léir dainn roimhré céard a bhaineas de Dhronline 2 de bharr na
gluaiseachta sin, ach is féidir é sin a thridil le paipéar tri-shoillseach. Ghe6far amach gur
anuas go cruinn ar dhronline 4 a leagtar i, rud a dteastaionn casadh § agus casadh &
ina dhiaidh sin chuige. 'Sé sin le rd , is cuma cé acu den da chasadh & is ,3 a cuirtear i
ngniomh i dtosach, is ionann in éindi iad agus casadh singil dirithe.

Fégann sin nach miste casaidh timpeall an phointe chéanna O (agus na huilleacha a
fhreagraios d6ibh) a shuimit is a dheald , agus beidh & + 8 = f + @ fearacht na ngnéth-
uimhreacha. Léirionn Fiog Il go bhfuil ¢ — f = - + &.

2.6 Angles

To lay the straight line 1 (in the figure) on top of straight line 2 requires a particular
rotation around O, and the opposite rotation lays straight line 2 on straight line 1.

(Page 12 in MSS, Figure on page 12)

The angle between the straight lines OA and OB is the size of the rotation (about the
point where they meet) that lays OA along OB.

The lines OA and OB are the arms of the angle, and the point O is its vertex.

Notice that there is no connection at all between the length of the arms and the size
of the angle.

If it happens that line 3 is laid on line 4 by the rotation that puts line 1 on line 2, we
say that the angle between the lines is equal, or the same size as, the angle between the
lines 3 and 4.

[One writes the sign = instead of “equal to".]
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AOB means the angle between OA and OB, but in this book we more often symbolise it
with a greek letter a (or B, 7, etc) .i. AOB = @ in Figures I and II.

To move straight line 1 onto straight line 3 requires the rotation & first, followed by
the rotation f, which combined together are equivalent to a certain single rotation about
O. It is not obvious to us in advance what is the effect of this motion on straight line 2,
but you can try it out using transparent tracing paper. One finds that line 2 lands exactly
on straight line 4, a result that requires a rotation f to start followed by a rotation &. That
is to say that it does not matter which of the two rotations & and 8 one executes first, the
have the same combined effect as a certain single rotation.

As a result we are free to add and subtract rotations (and the angles that correspond
to them) about the same point O, and we have @ + § = ﬁ + @ just as with ordinary num-
bers. Fig 2 shows that & — f = — + d.
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Na hUilleacha 2&, 4@, ;&
Nuair castar OA go ddi OB, abair gurb é OC ionad nua
Tosach leathanach 13 sa LSS.

na dronline a bhi fan na line OB i dtosach. Is léir nach moér an casadh & faoi dhé
chun OA aleagan ar OC; .i. ta AOC = 2a. Ts féidir na huilleach 3@, 4@ etc, a mhinia ar
an gcuma chéanna.

T4 dronline cinnteach OX ann freisin a ghnios an uille %d le OA. Teaspdinfear i
g/Ciibidil III cé’n chaoi a n-aimsitear ionad OX. Deirtear go hcomhroinneann si an uille
AOB.

The Angles 24,4a, %Cx

When OA is rotated to OB, suppose that OC is the new position of the straight line that
was along OB at the start.

Clearly it takes two goes of the rotation & to lay OA on OC; .i. AOC = 2d. The angles
3a, 4a and so on can be explained in the same way.

There is also a definite straight line OX that makes the angle %éx with OA. It will be
sil_o\wn in Chapter III how one finds the position of OX. One says that it bisects the angle
AOB.

2.7 Andronuille

Uilleacha cémhgoracha is ea uilleacha a bhfuil comhgéag acu, agus uille acu ar gach aon
taobh den chémhgéig sin.

Ta Fioghair anseo sa LSS, leathanach 13.

M4 sheasann dronline OX ar cheann eile AB ionas gur c6mhéad don d4 uillinn
chémhgoracha, is é an t-aon casadh amhdin a chuireas OA fan OX, n6 a chuireas OX
fan OB. Is1éir gurb ionann an casadh sin faoi dhé agus a leath de chasadh ionldn. Tugtar
dronuille ar gach uilinn den dhd uilinn cothroma, ch6mhgoracha ionas gur mar a chéile
casadh ionldn agus casadh tré cheithre dronuilleacha. (Amanta tugtar uille dhireach ar
dhd dhronuillinn.) Deirtear go bhfuil OX agus AB ingearachle chéile m’'as dronuilleacha
iad AOX agus XOB.

De bhrigo bhfuil dronuille cothrom lena cémhuillinn comhgarai td suiméatracht
taithneamhach ag gabhail 1éi agus is m6r an leas a baintear aisti i bhfoirgniocht, liniocht,
etc.

2.8 Theright angle

Adjacent angles are angles that have have a common arm, and lie one on each side of
that arm.
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If one straight line OX stands on another AB in such a way that the two adjacent
angles are equal, then the rotation that lays OA along OX is the same as the rotation that
lays OX along OB. Clearly two times that rotation is the same as half a full rotation. We
call each of the two equal adjacent angles a right angle, so that a full rotation is the same
as a rotation through four right angles. (Sometimes two right angles is called a straight
angle.) One says that OX agus AB are perpendicular or orthogonal to one another if
AOX and XOB are right angles.

The fact that a right angle is equal to its adjacent angle means that there is a pleasing
symmetry to it, and this is much exploited in architecture, drawing, etc.
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2.9 Bun-phroinseabal. Teormi

Fritheach amach le tridileacha (in Alt 2.5) gur féi dir an uille & idir na linte 1 is 2, aleagan
anuas go cruinn

Tosach leathanach 14 sa LSS.

ar an uillinn chothruim eile & idir na linte 3 is 4 le casadh an phldna timpeall O. Is
féidir aon dé uilinn ag O a chur i gcoibhneas le chéile ar an gcuma seo, agus uilleacha
cothroma is ea iad m4d leagtar uille acu ar an gceann eile de bharr chasta dirithe timpeall
O. Ma leagtar line AB (biodh si direach n6 lubtha) anuas go beacht ar line eile CD,
deirtear go bhfuil na linte sin congridach né comhfhada.

Nior mhiste d4 réir an prionnsabal seo a chur ar bun.

Bun-Phrionnsabal 1

Fanann méad gach uilleann agus fad gach line buan de bharr an pldna a chasadh
timpeall ar phointe ar bith ann.

Maidir leis na firinni geémétracha gur féidir iad a ghnothti 6n mbun-phroinnsabal
le réastinaiocht, is gndthach gur i bhfoirm teoirmi a céiritear iad .i. rditeas geinearéltha
fa floghair ghedmétraigh, agus é roinnte ina dha chuid, viz. an hipotéis, ina gcuirtear in
ial dainn roimhré go bhfuil tréith dirithe ag an bhfioghair, agus an tarall, a fhuagraios
gur féidir eolas ar thréith €igin eile a ghnotht 6n hipotéis le réasinaiocht. Cuirtear an
réastunaiocht ar féil sa gcruthianas.

e.g. i dteoirim I seo a leanas, is dronline a sheasann ar dhronline eile (agus ni hé dha
chiorcal, né ciorcal agus dronline, etc) a ghnios an fhioghair; sin é an hipotéis. 'Sé an
tatall gurb dha dhronuillinn suim an dé uillinn comhgarach.

De bharr an hipotéis agus an tatall a mhalairt ar a chéile, gintear teoirim nua da
ngoirtear coinvéarsa na céad teoirme. M4d’s fior bréagach don teoirim féin, dfach, ni ga
gur firinne an coinvéarsa.

e.g. M4 suimitear dha uimbhir réidh, is uimhir réidh i an tsuim. Is fior é sin; mar
shampla t4 6 + 4 = 10. 'Sé an choinvéarsa sin nd :

Mad’s uimhir reidh i suim dha uimhir, is uimhreacha réidhe a suimitear.
Is 1éir go bhfuil sésin bréagach; mar shampla td 7 + 3 = 10.

2.10 An Axiom. Theorems

We found experimentally (in section 2.6) that the angle & between the lines 1 and 2 could
belaid exactly on the other equal angle @ between the lines 3 and 4 by rotating the plance
about O. In this way, any two angles at O can be compared to one another, and they are
equal angles if one can be laid on the other as a result of a rotation about O. If a curve
AB (straight line or not) is laid exactly on another curve, one says that those curves are
are congruent or isometric.

It behoves us to lay down this principle:
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Axiom I

The size of each angle and the length of each curve remain unchanged when the plane
is rotated about any of its points.

It is customary to set out the geometrical truths that can be deduced by reasoning
from axioms (basic principles) in the form of theorems, .i. general statements about a
geometric figure, divided into two parts, viz. the hypothesis, in which one specifies in
advance that the figure has some specific properties, and the conclusion, which asserts
that some other properties of the figure can be derived from the hypothesis by reasoning.
The reasoning is provided in the proof.

e.g. in the following theorem, the figure involves a straight line standing on another
straight line (as opposed to two circles, or a circle and a straight line, etc); that is the
hypothesis. The conclusion is that the two adjacent angles add to two right angles.

By interchanging the hypothesis and the conclusion one generates a new theorem
called the converse of the original theorem. However, the truth of the original theorem
does not guarantee the truth of the converse.

e.g. If you sum two even numbers, you get an even number. This is true; for instance,
6+4=10.

The converse statement is:

If the sum of two numbers is even, then the numbers are both even.
Obviously that is FALSE: for instance 7 + 3 = 10.
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Tosach leathanach 15 sa LSS.

2.11 TeoirimI

Nuair a sheasann dronline ar dhronline eile, is ionann suim an d4 uillinn ch6mhgarach
agus dha dhronuillinn.

Ta Fioghair anseo sa LSS, leathanach 15.

Theorem 1. When a straight line stands on another, the sum of the two adjacent angles
equals two right angles.

Hipotéis:
Dronline is ea OC a sheasann ar an dronline AB.

Tétall:
Ta @ + f =dhda dhronuillinn.

Cruthanas:
De bharr an plédna a chasadh timpeall O trén uilleann &, cuirtear OA fan na line OC.
De bharr casta eile trén uillean ,3 ina dhiaidh sin, cuirtear OC fan na line OB.
Fagann sin go leagtar OA fan OB de bharr an chasta a + .
Ach sin a leath de chasadh iomldn mar is aon dronline amhain iad OA,OB.

.. @+ B = dha dhronuillinn.

Hypothesis:
OC is a straight line standing on the straight line AB.

Conclusion:
a + B =two right angles.

Proof:
If the plane is rotated about O through the angle &, OA is laid along the line OC.
If that is followed by another rotation through the angle 8, OC is laid along OB.
Thus OA is laid along OB by the rotation & + ,3
But that is half of a full rotation, because OA and OB lie in a straight line.

+ B = two right angles.

D

Is fior € coinvéarsa Teoirme I, mar ata :
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Teoirim Ia

M4d’s ionann is dha dhronuillinn suim dh4 uillinn chémhgarach, ta dha ghéig in aon
dronline amh4in.

Hipotéis:
Ta @ + p =dhd dhronuillinn agus dronlinte is ea OA, OC, OB.

Tatall:
Ta AO agus OB in aon dronline amhdin.

Cruthunas:

De bharr an chasta & + § timpeall O, cuirtear OA fan OB. Sin a leath de chasadh
iomlédn (de réir na hipotéise) rud a leagann OA ar sineadh na dronline BO.

. aon dronline amhdin is ea AO agus OB. O

The converse of Theorem 1 is true. It is:

Theorem (1a). If the sum of two adjacent angles is equal to two right angles, then the
arms are in a single straight line.

Hypothesis:
a + B =two right angles and OA, OC, OB are straight lines.

Conclusion:
AO and OB lie in a single straight line.

Proof:

The rotation through @+ ff around O lays OA along OB. That is half of a full rotation.
(by hypothesis), which means that OA lies on the extension of the straight line BO.

. AO and OB form a single straight line. O
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Tosach leathanach 16 sa LSS.

2.12 Teoirim II

M4 teagmhaionn da dhronline le chéile i bpointe O, is ionann gach uille ag O agus an
uille ata 6s a c6ir amach.

T4 Fioghair anseo sa LSS, leathanach 16.
Hipotéis:

Dronlinte teagmhaélacha is ea AOB,COD.
Tétall:

Ta @ = &, agus ta § = f.

Cruthunas:
Ma castar an pldna tré dha dhronuillinn timpeall O, cuirfear OA ar an line OB, agus
cuirfear OC ar an line OD. .i. Leagfar an uille & anuas ar an uille & .

A

La= 1.
Is 1éir freisin go gcuirfear f ar B, ionas go bhfuil 8 = B;. O

Theorem 2. 2 If two straight lines meet in a point O, each angle they make at O is equal
to the angle opposite to it.

Hypothesis:

AOB,COD are straight lines that meet.
Conclusion:

We have & = a1, and 8 = ;.
Proof:

When the plane is rotated through two right angles about O, the line OC lands on the
line OD. .i. The angle & is laid on the angle &;.

La= dl.

]

It is also clear that § is laid on 1, so that = ﬁl.

Néta

Maidir leais an téarma “an uille idir dhd dhronline" (e.g. idir na linte AB agus CD san
léardid) t4 éigcinnteacht ag baint leis fit amhdin nuair nach gcuirtear uilleacha atd nios
mo6 néd dhé dhonuillinn i bhfath. Is féidir afach idirdhealu idir & is [‘3 mar seo: sé & an
uille deimhneach idir AB is CD (n6 an uille dhitltach idir CD is AB) de bhri nach folair
casadh deimhneach trid an uille &, chun BA aleagan ar DC.



46 CAIBIDIL 2. CASADH AN PHLANA

Is féidir an chéad line acu a leagan ar an gceann eile le casadh sa treo ditltach freisin
trid an uillinn ,3

M4d’s pointe ar bith é P ar chiorcal gurb é O a lar, cuirtear P ar phointe €igin eile den
chiorcal sin de bharr an chasta timpeall O, de réir bun-phrionnsabail I: .i. is a shleamhnu
fan a imline féin a dheineas gach ciorcal ar lar d6 O, nuair castar an pldna timpeall O.

Note

There is a lack of precision in the term “the angle between two straight lines" (e.g. be-
tween the lines AB and CD in the figure), even without taking into account the possi-
bility that an angle might be greater than two right angles. However, it is possible to
distinguish between & and ,3 as follows: & is the (positive) angle between AB and CD (or
the negative angle between CD and AB) in the sense that you have to make a positive
rotation through the angle &, tolay BA on DC.

The first line may also be laid on the other one by a negative rotation through the
angle B.

If P is any point on a circle with centre O, then P is moved to some other point of
that circle by a rotation about O, according to Axiom I: .i. each circle with centre O slides
along its own perimeter when the plane is rotated about O.
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Tosach leathanach 17 sa LSS.

2.13 Teoirim III

I gciorcal ar bith, (i) gearann uilleacha cothroma ag an lar stuanna c6mhfhada den
imline, agus (ii) gabhann stuanna c6mhfhada uilleacha cothroma ag an l&r.

T4 Fioghair anseo sa LSS, leathanach 17.
6)
Hipotéis:

'Sé Olaran ©ABCD, agustad a = @;.

Tatall:
Téa an stua AB = an stua CD.

Cruthanas:

Ma castar an phldna timpeall O go gcuirtear & ar a comhuillinn @, gluaiseann A ar
imline an © go dti C, agus gluaiseann B go dti D.

.1. leagtar an stua AB go cruinn ar CD.

.. td na stauanna comhfhada. O

(ii)
Hipotéis:
'Sé O lar an ©ABCD, agus td an stua AB = an stua CD.
Tatall:
Taa=a;.
Cruthanas:
Ma cuirtear A ar C le casadh timpeall O, gluaiseann B dti pointe éigin eile ar an
imline.
O thérla an stua AB = an stua CD, is ar D a thuiteas sé .
> Leagtar an uille @ ar an uilinn @;; .i. & = @.

Theorem 3. In any circle (i) equal angles at the centre cut equal arcs on the perimeter, and
(ii) equal arcs subtend equal angles at the centre.

@

Hypothesis:
O is the centre of the ®ABCD, and & = &;.

Conclusion:
The arc AB = the arc CD.

Proof:
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If the plane is rotated about O until & is placed on the equal angle a;, A on the
perimeter of the ® moves to C, and B moves to D.

.. the arc AB is laid exactly on CD.

= the arcs have the same length. O

(i)
Hypothesis:

O is the centre of the ® ABCD, and the arc AB = the arc CD.
Conclusion:

a=a.

Proof:

If A is laid on C by a rotation about O, then B moves to some other point on the
perimeter.

Since the arc AB = the arc CD, itis on D that it lands.

. The angle @ is laid on the angle a;; .i. & = a;.

Atora

Ma'’s stuanna c6mhfhada iad AB is CD, c6érdai comhthada is ea na cérdai AB is CD.

Mar leagtar an c6rda AB anuas ar an gcérda CD.
[Gheofar cruthunas i gcaib. III gur fior an coinvéarsa.]

Corollary. If AB and CD are equal arcs, then the chords AB and CD have the same length.

For the chord AB is laid on the chord CD.
[We shall find a proof in Chapter III that the converse is also true.]
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Tosach leathanach 18 sa LSS.

Né6tal

Baintear feidhm as teoirim III san uilleanntombhas .i. 4is chun uilleacha a thomhas. Lei-
thchiorcal

Ta Fioghair anseo sa LSS, leathanach 18.

is ea é , agus an imline roinnte in 180 cchoda aige. Tugtar grad (1° a scriobhtar) ar
an uillinn a ghabhas stua ar bith de na 180 stuanna cothroma ag an lar. Fagann sin go
bhfuil

180° = dha dhronuillinn.

Chun uille a thomhas leagtar O ar rinn na huilleann agus céiritear OA (n6 OB) chun go
luionn sé ar ghéig amhdin. Airitear an stua a ghearas an uille ar imline an leathchiorcail,
agus uaig sin cinntear méad na huilleann.

N6ta 2

An té abhreathnaios ar dha phointe spésula P agus Q i ndiaidh a chéile, tigleis gairmheas

a dhéanamh don uillinn POQ a ghabhas an dronline PQ ag a shuiil féin (tré casadh na

suile a mheas, is docha). Té gléas ag seilbhéara chun an uille sin a thomhas go cruinn.
Is le huilleacha a dhéanann an gnath-duine faid a mheas. I bhfiogair (a) is eol

Ta Fioghair anseo sa LSS, leathanach 18, bun.

do6 gur faide AC na AB de bhri gur mé an uille AOC a ghabhann AC ag an t-sil O.

Nior cheart d6 a cheapadh éafach go bhfuil AB nios faide nd XY, cé gur mo6 an uille
AOB na XOY, mar is faide amach uaidh XY na AB anois.

Mar an gcéanna nuair feichtear dainn nach moé an ghealach n4 liathréid peile, is € is
bun leis sin gurb ionann beagnach an uille sin a ghabhas an ghealach ag an tsuil agus an
uille a ghabhas liathré6id peile a mbeirtear sa laimh uirthi.

Note 1

Theorem III is applied in the protractor .i. a tool for measuring angles. It is a semicircle,
with perimeter divided into 180 equal arcs. The angle subtended by any one of the 180
equal arcs at the centre is called one degree (written as 1°). Thus

180° = rwo right angles.
To measure an angle, you lay O on the vertex of the angle and you arrange OA (or OB) so

that it lies along one of the arms. You inspect the arc that the angle cuts on the perimeter
of the circle, and from that you read off and determine the size of the angle.



52 CAIBIDIL 2. CASADH AN PHLANA

Note 2

A person who considers the space between two points P and Q in space, one after the
other, can make a rough estimate of the angle POQ that the straight line PQ subtends
at his own eye (by estimating how much his eye moves, probably). Surveyors have an
instrument for taking an accurate measurement of that angle.

An ordinary person usually judges distance by using angles. In Fig (a) he knows that
AC islonger than AB because the angle AOC subtended at his eye O by AC is the greater.

However he should not think that AB is longer than XY, even though the angle AOB
is greater than XOY, because this time XY is further away than AB.

In the same way, when it appears that the Moon is no larger than a football, that
happens because the angle subtended by the Moon is more-or-less the same as that
subtended by a football held in your hands.
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Tosach leathanach 19 sa LSS.

Tearmai

Géaruille is ea uille gur 1a { nd dronuille; tugtar maoluille ar uilleann atd idir 90° agus
180°.

Uilleacha céimhliontacha is ea dha uilinn gurb ionann is dronuille a suim, ach més
180° a suim tugtar uilleacha féirliontacha orthu.

Is uille aisfhillteach uille ar bith atd nios m6 né 180°.

Terms

An acute angle is an angle smaller than a right angle. An angle between 90° and 180° is
called an obtuse angle.

Complementary angles are two angles whose sum is a right angle, but if the sum is
180° they are called supplementary angles.

A reflex angle is any angle greater than 180°.

Cleachtaithe

1. Cad é an uille a gcasann sndthaid mér an chloig trithi a gcaitheamh (i) ceathra
uaire, (ii) deich néiméad, (iii) leath-uaire, (iv) ciig néiméad fichead.

2. O phointe O tarraingitear ceithre dronlinte OA,0B,0C,0D, ionnus go bhfuil AOB =
25°, BOC =130°, COD = 50°, agus uilleacha deimhneach is ea iad go 1€éir.

Teaspdin go bhfuil OB is OD in aon dronline amhdin ach nach bhfuil OA agus OC
amhlaidh. M4 sintear OA cruthuigh go gcémhroinnneann si an uille COD.

3. T4 30° san uilleann AOB agus castar an uille sin tri 90° timpeall O go gcuirtear OA
fan OC agus go gcuirtear OB fan OD.

Faigh (i) an uille BOC, (ii) an uille idir OA agus comhroinnteoir na h-uileann BOC.

4. Gearrann dhé dhronlinte a chéile ag O, agus coémhroinneann dronline dirithe eile
uille amhdin de na cheithre cinn ag O. Cruthuigh go gcémhroinneann si uille eile
ag O ag an am céanna. Teaspadin freisin go bhfuil si ingearach le comhroinnteoir
an d4 uillinn eile.

5. T4 na pointi A, B,C, D an fhad céanna 6 phointe O, agus tugtar duinn go bhfuil
AOB = COD. Cruthuigh go bhfuil (i) AB = CD, agus (ii) AC = BD.

6. Castar dronuille OAX tri 60° timpeall O. Faigh amach le h-uilleanntomhas an line
go leagtar AX anuas uirthi.

land less than 360
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Exercises

1. Through what angle does the big hand of the clock turn during (i) a quarter of an
hour, (ii) ten minutes, (iii) half an hour, (iv) tewnty-five minutes.

2. Draw four straightlines OA,0B,0C,0D, from a point O, so that AOB = 25°, BOC =
130°, COD =50°, and all these angles are positive.

Show that OB and OD are in one straiht line, but that it is otherwise for OA and
OC. If OA is extended, show that it bisects the angle COD.

3. There are 30° in the angle AOB, and that angle is rotated through 90° about O so
that OA is placed along OC and OB along OD.

Find (i) the angle BOC, (ii) the angle between OA and the bisector of the angle
BOC.

4. Two straight lines cut one another at O, and a certain other straight line one of the
four angles at O. Prove that it also bisects another one of the angles at O. Show
also that it is perpendicular to the bisector of the other two angles.

5. The points A, B, C, D are all the same distance from the point O, and we are given
that AOB = COD. Provethat (i) AB = CD, and (ii) AC = BD.

6. Aright angle OAX is turned through 60° around O. Find with a protractor the line
to which AX is moved.
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Caibidil 3
Scathud an Phlana i nDromline

Tosach leathanach 20 sa LSS.

Reflecting the Plane in a Straight Line

D4 n-iompaiti bun 6s cionn cérta a bhi leagtha ar an mbord, d’fheicfi dhtinn nach
n-athrdédh sé sin fad line ar bith (n6 méad uilleann ar bith) sa gcarta. De bhri gurb i an
taobh a bhi thios roimhe sin atd in uachtar anois, ni féidir an ghluaiseacht sin a chur i
ngniomh le casadh ar bith den chinedl ar thagramar dé i gcaib. II.

Mar an gcéanna is féidir leathanach leabhair a iomp6 thart ar chitis go mbi si in
aon phldna amhadin leis an bpldna 6nar thosnaigh sé, gan chuile phointe a chur ar ais
arfs mar a raibh sé i dtosach. Fanann pointi na citise féin socair ddbharr, ach athraitear
ionad gach aon phointe eile.

Pdirt chuimseach de phldna atd i gceist sna

tridlacha sin thuas, ach léirionn siad tréith airithe den phlana ge6métrach.

Is féidir plana geémétrach a chasadh timpeall ar dhronline ar bith ¢ ann, chun go
nglacfaidh an pldna i n-iomldn an t-ionad ina raibh sé i dtosach, agus i gcaoi go dtéann
gach pointe den phléna (cé is moite de phointi na line ¢) go dti pointe eile ar an bplana.

Scatht an phlana sa dronline ¢ a tugtar ar an bgluaiseacht sin.

Mad’s ar P; a leagtar pointe P, is 1éir gur anuas ar P a leagtar P, de bhri gp gcuirfear
gach pointe ar ais sa sean-ionad de bharr dha scathiias a chéile in ¢. Tugtar scatha a
chéile in ¢ ar phointi mar P agus P;.

Ni miste ddinn anois an prionnsabal seo a chur ar bun:

3.1 Bun-Phroinnsabal I1

Is comhthada na linte, agus is comhméad na huilleacha go leagtar ceann acu ar an
gceann eile de bharr an plana a scathi ndronline.

If a card lying on the table is turned upside-down, we see that there is no change
to the length of any line or the size of any angle on the card. Since the side that was
down beforehand is now up, that change cannot be achieved by any rotation of the kind
studied in Chapter 2.

57
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In the same way, you can turn the page of a book on its spine so that it lies in the same
plane as it occupied to start with and no point ends up where it started. The points along
the spine stay put, but all other points move.

These experiments involve only a limited part of the plane, but they illustrate partic-
ular propeties of the geometric plane.

A geometric plane can be turned about any straight line ¢ in it, in such a way that the
entire plane ends up where it started, and every point of the plane (except the points on
the line ) moves to a different point of the plane.

This movement is called reflecting the plane in the straight line ¢.

If the point P moves to Pj, then clearly P; moves to P, so two successive reflections
in the same line ¢ bring every point back to its original position. Points like P and P; are
called reflections of one another in ¢.

Now we have to lay down the following principle:

3.2 AxiomlII

When the plane is reflected in a straight line, lines are the same length as their reflec-
tions, and angles are the same size as their reflections.
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Tosach leathanach 21 sa LSS.

Téarmai

Triantan: sin fiogair iadta darb imeall tri dronlinte, viz. na sleasa. Tugtar reanna an
triantdin ar phointe teagmhala na slios. Uille den triantan is ea an uille (istigh) idir aon
dé shlios.

Scriobhtar an nod A in 4it triantdin go minic.

Triantdn comhchosach: Sin triantdn fdna dha shlios chémhfhada. Is gndthach bonn
an A a thabhairt ar an slios eile.

Triantan comhshleasach: sin A fana thri sleasa comhfhada.

Ais Shuiméitreachta. Nuair scditear fioghair phldnach i ndromline ¢, mé tharlaionn
go leagtar gach pointe P den fhioghair ar phointe éigin eile den fhioghair céanna, ionas
nach n-athraitear ionad na fioghaire iomldine da bharr, diertear go bhfuil an fhioghair
suiméitreach san dronline ¢, agus go bhfuil ¢ ina ais shuiméitreachta aici.

Definitions

A triangle is a closed figure with three straight lines a its perimeter, viz. the sides. The
points where the sides meet are called vertices. An angle of the triangle refers to the
(inside) angle between two sides.

We often write A instead of ‘triangle’.

Isosceles triangle: That is a triangle having two sides of the same length. The other
side is usually called the base of the A.

Equilateral triangle: That’s a A having all three sides of the same length.

Axis of Symmetry: 1f, when some figure is reflected in a straight line ¢, it happens
that each point P of the figure lands on some other point of the same figure, so that the
overall position of the figure does not change, then we say that the figure is symmetric
about the the straight line ¢, and that ¢ is an axis of symmetry for it.

e.g. (1) T4 ais shuiméitreachta ag gach dronline chuimseach AB.

Abair go bhfuil MN ingearach le AB, ait gurb é M lar AB. O’s dronuilleacha iad @,d;,
leagtar @ ar a comhuilinn &;, de bharr scatht in M N. ’Sé sin, cuirtear M B fan M A, agus
6 tharla MB = M Ais ar A a thuiteas B.

Mar an gcéanna cuirtear M A anuas go cruinn ar MB.

.. ais shuiméitreachta is ea M N ag an dronline AB.

e.g. (1) Every bounded straight line AB has an axis of symmetry. chuimseach AB.

Suppose M is the midpoint of AB, and M N s perpendicular to AB. Since & and a;
are right angles, @ s laid on the equal angle &; when we reflect in M N. Thus MB is laid
along M A, and since it happens that MB = M A, B lands on A.

In the same way M A is laid exactly on MB.

1. M N is an axis of symmetry for the straight line AB.

e.g. (2) T4 dha ais shuiméitreachta ag dha dhronlinte theagmhélacha.
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Abair gurb é OX comhroinnteoir na huilleann deimhni idir line 1 agus line 2, ionas
go bhfuil & = a;.
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Tosach leathanach 22 sa LSS.

Ta Fioghair anseo sa LSS, leathanach 22.

De bharr an pldna a scathti in AX, fanann AX socair, agus cuirtear & ar a comhuil-
leann &;. Cuirtear d4 réir line 1 fan na dronline 2, agus mar an gcéanna cuirtear line 2 ar
line 1.

Is soiléir gur ais shuiméitreachta eile i AY, comhroinnteoir na huilleann ditltaiidir
line 1 agus line 2.

Néta
Teaspdinfear ar ball cé’n chaoi a n-aimsitear ionaid na n-aisi suiméitreachta sin.

e.g. (2) Two straight lines that meet have two axes of symmetry.

Let OX be a bisector of the positive angle betweeen line 1 and line 2, so that & = &;.
When the plane is reflected in AX, the line AX remains fixed, and & is placed on the
equal angle @;. Hence line 1 s placed along the straight line 2, and in the same way line
2 is placed on line 1.

Clearly, another axis of symmetry is AY, the bisector of the negative angle between
line 1 and line 2.

Note

It will be shown later how to find the position of those axes of symmetry.

3.3 TeoirimIV

T4 triantan comhchosach suiméitreach i gcomhroinnteoir na stuacuilleann.

Téa Fioghair anseo sa LSS, leathanach 22.

Hipotéis:
Tugtar AB = AC, agus gurb é AM cémhroinnteoir A, i.e. & = d.

Tatall:Ta an triantan suiméitreach in AM.

CruthGnas:
De bharr scatha in AM, titeann AB ar AC, mar td & = &;.
O thala AB = AC, is anuas ar C a thiteas B, agus mar an gcéanna cuirtear C ar B.
De bhri go bhfanann M socair, cuirtear M B ar M C (agus cuirtear MC ar M B). O
De réir Bhun-Phrionsabail II fadgann sin:-
(i) MB = MC; (i) AMB = AMC = 90°; (iii) B = C.

Theorem 4. An isosceles triangle is symmetrical in the bisector of the apex angle.
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Hypothesis:
We are given that AB = AC, and that AM is the bisector of A e @=a;.

Conclusion:The triangle is symmetrical in AM.

Proof:
When we reflect in AM, AB lands on AC, because & = @;.
Simce AB = AC, B lands on C, and in the same way C lands on B.
Since M stays fixed, M B is placed on MC (and MC is put on MB). O
By Axiom I, it follows that:
(i) MB = MC; (i) AMB = AMC = 90°; (iii) B = C.

Atoral

I dtriantan c6mhchosach ’si comhroinnteoir na stuacuilleann ais shuiméitreachta an
bhoinn.

Atora 2

Triantdin ch6émhchosacha dhifritila atéd ar aon bhonn amhdin, is fioghair fana hais
shuiméitreachta a ghineas siad.

Mar is ais shuiméitreachta ag chuile thriantdn acu is ea ais shuiméitreachta an bhoinn.

Corollary 1. In an isosceles triangle the bisector of the apex angle is the axis of symmetry
of the base.

Corollary 2. Different isosceles triangles that share a common base combine to make a
figure with an axis of symmetry.

For the axis of symmetry of the base is an axis of symmetry for each of the triangles.
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Tosach leathanach 23 sa LSS.

3.4 TeoirimV

Triantan co6mhcosach is ea triantan ar bith ina bhfuil dha uillinn ar comh éad.

Ta Fioghair anseo sa LSS, leathanach 23.

Hipotéis:

Tugtar ABC = ACB.
Tatall:

Ta AB = AC.
CruthGnas:

Abair gurb é M X ais suiméitreachta an bhoinn.

De bharr scatht in M X cuirtear M B, géag den uilinn B, ar MC gur géag i den uilinn
chothrom C.

= Leagtar BA fan C A, agus mar an gcéanna cuirtear C A fan BA. Fagann sin go dtéann
A, pointe teagmhdla BA is CA, go dti pointe teagmhdéla CA is BA: .i. fanann A socair.

= Pointe ar M X is ea A, agus td an A suiméitreach in M X A.

De thairbhe Phrionnsabail II mar sin t4 AB = AC. O

Theorem 5. Any triangle having two angles of equal size is isosceles.

Hypothesis:

We are given ABC = ACB.
Conclusion:

AB = AC.
Proof:

Let M X be the axis of symmetry of the base.

If we reflect in M X, then MB, which is one arm of the angle B, is placed on MC,
which is an arm of the equal angle C.

» BAis laid along CA, and in the same way CA is laid along BA. Thus A, the point
where BA meets CA, goes to the common point of CA and B A: .i. A stays fixed.

» Aisapointon M X, and the A is symmetric in M X A.

Hence, by Axiom II, we have AB = AC. O

Nota 1

Is iomai ceist gedméitreach a réititear le Teoirim IV, Atora 2.
Is mar seo a leanas a tégtar A comhchosach ar bhonn BC.

T4 Fioghair anseo sa LSS, leathanach 23.
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Tarraing dhé chiorcal chothoma gur lair déibh B agus C, agus abair gur pointe teag-
mhadla é A den da chiorcal sin (md’s ann dd ). Is leor stuanna beaga den d4 © a liniti chun
ionad A a chinntit .

O’s gatha ciorcal cothrom iad BA agus BC, taid comhfhada agus A comhcosach is ea
ABC. Ma h-aithritear gatha na gciorcal gcothrom is triantdin chéchosacha dhifritla a
gintear, agus luionn A, D, A;, etc ar ais shuiméitreachta an bhoinn BC.

Nota 2

Scriobhfar a.s. in ionad “ais shuiméitreachta” go minic.

Note 1

Many geometrical questions can be solved by using Theorem 4, Corollary 2.

Here is a way to construct an isosceles triangle on the base BC:

Draw two equal circles having centres B and C, and suppose the point of intersection
of those two circles (if it exists) is A. Itis enough to draw little short arcs of the two circles
in order to determine the posiition of A.

Since BA and BC are radii of equal circles, they have the same length, and so ABC is
anisosceles A. If you change the radius of the circles you generate a different equilateral
triangle, and A, D, A, etc all lie on the axis of symmetry of the base BC.

Note 2

We shall aften write a.s. instead of “axis of symmetry”.
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Tosach leathanach 24 sa LSS.

Ceist 1
Uille a ch6mhroinnt le compds agus riail.

T4 Fioghair anseo sa LSS, leathanach 24.

Réiteach:

Tarraing © ar bith gurb é A a lar, a ghearas géaga na huilleann in X agus Y. Triantan
comhchosach an an mbonn XY is ea AXY. Ar XY déan A comhchosach ar bith eile
BXY agus ceangail AB.’Sé AB cémhroinnteoir na huilleann A.

Cruthunas:
'Sé AB a.s. na fioghaire AXBY de réir Teoirma IV, Atora 2.
;. Cémhroinneann sé an uille A.

Question 1
Bisect an angle with ruler and compass.

Solution:

Draw any circle with centre A, cutting the arms of the angle at X and Y. Then AXY
is an isosceles triangle on the base XY. On XY draw any other isosceles A BXY aand
join ceangail AB. Then AB is the bisector of the angle A.

Proof:
AB is the a.s. of the figure AXBY, by Theorem 4, Corollary 2.
.. It bisects the angle A.

Ceist 2
Dronline choimseach a chémhroinnt.
T4 Fioghair anseo sa LSS, leathanach 24.

Réiteach:

Abair gurb i AB an dronline. Ar AB déan dhé thriantdn chémhchosacha ar bith XAB
agus Y AB, agus ceangail XY d’4 chéile. COmhroinneann XY and dronline AB.

Cruthtnas:
’Sé XY a.s. nadronline AB (Teoirim IV). .. AM = MB.
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Question 2

To bisect a bounded straight line.

Solution:
Suppose AB is the straight line. On AB construct any two isosceles triangles XAB
and Y AB, and join XY together. Then XY bisects the straight line AB.

Proof:
XY is the a.s. of the straight line AB (Theorem 4). .. AM = MB.

Ceist 3

An t-ingear a tharraingt ar dhronline 6 phointe éirithe taobh amuigh.

Ta Fioghair anseo sa LSS, leathanach 24.

Réiteach:
Abair gurb i £ an line agus gurb é P an pointe amuigh.

Le P mar lar tarraing © ar bith a ghearas ¢ in X agus Y, abair.

Triantdn comhchosach is ea PXY. Déan A comhcosach eile QXY ar XY.
'Sé PQ, line cheangail P is Q, an t-ingear.
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Tosach leathanach 25 sa LSS.

Cruthanas:
'Sé PQ ais shuiméitreachta na fioghaire PXQY; .. PMX =PMY =90°.

Question 3

To draw the perpendicular line to a straight line from some point outside it.

Solution:
Suppose ¢ is the line and P the point outside it.

With P as centre draw any ©, cutting ¢ at X and Y, say.

PXY is anisosceles triangle. Make another isosceles A QXY on XY.
Then PQ, the line joining P and Q, is the perpendicular.

Proof:
PQ is the axis of symmetry of the figure PXQY; ;. PMX = PMY = 90°.

Nota

An t-ingear 6 P ar ¢ a deirtear, agus teaspainfear anois nach bhfuil ann ach ceann amhaéin.
De bharr an pldna a scathu in ¢ is soiléir go dtéighann ingear ar bith 6 P tré'n bpointe
Py, scath an phointe P in ¢. Ach ni fhéadfadh dha dhronline dhifritdla a dhul tri P is P;.
. Nil ach ingear amhdin 6 P ar ¢.

Note

One says the perpendicular from P on ¢, and we shall now show that only one exists.

On reflecting the plane in ¢ it is clear that any perpendicular from P passes through
P, the reflection of P in ¢. But it cannot happen that two different straight lines pass
through P and P;.

.. There is only one perpendicular from P on ¢.

Ceist 4

An t-ingear a thogdil ar dhronline ag pointe dirithe innti.
Ta Fioghair anseo sa LSS, leathanach 25.

[Cés spesialta de cheist 1 é seo nuair mar rinn na huilleann diri APB a samhlaitear
Pl

Réiteach:

Abair gurb i £ an dronline agus gurb é P an pointe.
Le P mar lar tog ciorcal ar bith a ghearas ¢ in X agus Y. Ar XY déan A c6chosach ar bith
ZXY.’Sé ZP an t-ingear.

Cruthtnas:
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Sa A comhchosach ZXY ’sé P lar an bhoinn, agus de bhri gurb ionann a.s. an bhoinn
agus a.s. an triantdin, 'sé PZ an a.s. sin.
. ZPX = ZPY =90°.

Question 4

To construct the perpendicular to a straight line at some particular point on it.
[This is a special case of Question 1, if you think of P as the vertex of the angle APB.]

Solution:

Suppose ¢ is the straight line and P the point.
With P as centre draw any circle, cutting £ at X and Y. On XY make any isosceles A
ZXY.Then ZP is the perpendicular.

Proof:

In the isosceles A ZXY, P is the centre of the base, and since the a.s. of the base is
the same as the a.s. of the traingle, that a.s. is PZ.

. ZPX=ZPY =90°.
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Cleachtaithe

1.

10.

Tré M, lar an dronline AB tarraingitear an dronline L le AB. Md’s pointe ar bith
den ingear é P, cruthuigh PA = PB.

I dtriantdn ABC td AB = AC agus siad L, M lair na slios AB agus AC. Cruthaigh,
de bharr an A a scathusan a.s., gp bhfuil BM = CL. M4 teagmhaionn BM agus CL
in O, cruthuigh OL = OM.

. Is pointi iad D, E i mbonn an A chémhchosaigh ABC ionas go bhfuil BD = CE.

Cruthaigh AD = AE, agus BAD = EAC.

Tosach leathanach 26 sa LSS.

. Rinn uileann dirithe is ea A agus le A mar lar tarraingitear dha chiorcail. Gearrann

an chéad chiorcal géaga na huilleann in X agus Y, ach isin Z agus W a ghearas an
dara ceann iad. De bharr an pldna a scathu san a.s. cruthuigh (1) go gcuirtear an
dronline XW ar an dronline Y Z; (ii) go bhfuil pointe teagmhdéla XW agus Y Z are
an a.s. D4 chionn sin ceap mo6dh eile chun uille a chémhroinnt.

. Ispointiiad P, Q ar thaobh amhdin de dhronline ¢ agus siad P;, Q; scdtha P is Q in

¢. Gearann PQ an dronline ¢ in X. Cruthaigh (i) P1Q; = PQ; (ii) PQ; = P;Q; (iii)
go ngabhann an dronline P; Q; tré X.

Fioghair phldanach fana ceithre sleasa cothroma is ea ABCD, agus siad AC is BD
na treasndin. Teaspdin gur aisi suiméitreachta ag an bhfioghair iomldin iad AC,
BD. Cruthaigh (i) go gcomhroinneann na treasndin na huilleacha a ngabhann
siad triothu, (ii) go bhfuil na treasndin ingearach le chéile.

’Sé M bun an ingir 6 P ar dhronline ¢, agus pointe eile den dronline sin is ea X.
Ma4d’s iontuigthe go bhfuil dh4 shlios triantdin le chéile nios faide né an tria slios,
teaspdin go bhfagann sin go bhfuil PX > PM.

[Leide: an thioghair a scatht in ¢.]
Ma t4 pointe O ar chémhroinnteoir ar bith de dhd chémhroinnteoiri na huilleann

idir na linte ¢ agus m, cruthuigh gur c6mhfhada na hingear 6n bpointe O ar ¢ agus
m.

. Triantdn cémhchosach é ABC ina bhfuil AB = AC. Gearann cOmhroinnteoir na

huilleann B an slios AC in X, agus gearrann cémhroinnteoir na huilleann C an
slios AB in Y. Cruthaigh BX = BY.

Dhathriantain chémhchosacha is ea ABC, ABD ar an mbonn chéanna AB. ’Siad
X,Y lair CAis CB, agus ’siad L, W ldir AD agus DB. Cruthaigh YZ = XW.
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Exercises

1.

10.

Through M, the centre of the straight line AB, draw a straight line perpendicular
to AB.

If P is any point of that perpendicular, prove that PA= PB.

. In the triangle ABC we have AB = AC and L, M are the centres of the sides AB and

AC. Prove, by reflecting the A in the a.s., that BM = CL.
If BM and CL meet at O, prove OL = OM.

. D and E are points on the base of the isosceles A ABC such that BD = CE. Prove

that AD = AE, and BAD = EAC.

Ais the vertex of a certain angle, and two circles are drawn with centre A. The first
circle cuts the arms of the angle at X and Y, but the second cuts them at Z and V.
By reflecting the plane in the a.s. prove

(1) that the straight line XW is laid on the straight line Y Z; (ii) that the common
point of XW and Y Z lies on the a.s. On that basis, invent another way to bisect an
angle.

. P Q are points on one side of a straight line ¢ and P;, Q; are the reflections of P

and Q in 4. PQ cuts the straight line ¢ at X. Prove (i) P;Q; = PQ; (ii) PQ; = P1Q;
(iii) that the straight line P, Q; passes through X.

ABCD is a plane figure having four equal sides, and AC and BD are the diago-
nals. Show that AC and BD are axes of symmetry for the whole figure. Prove (i)
that the diagonals bisect the angles they pass through, (ii) that the diagonals are
perpendicular to one another.

M is the bottom (foot) of the perpendicular from P on a straight line ¢, and X
is another point of that straight line. If it is taken for granted that two sides of any
triangle are together greater than the third side, show that it follows that PX > P M.

[Hint: reflect the figure in ¢.]

If a point O is on either of the two bisectors of the angles between the lines ¢
agus m, prove that the perpenticulars from the point O on ¢ and m have the same
length.

ABC is an isosceles triangle in which AB = AC. The bisector of the angle B cuts
the side AC at X, and the bisector of the angle C cuts the side AB at Y. Prove
BX =BY.

ABC, ABD are two isosceles triangles on the same base AB. X,Y are the centres
of CAand CB, and L, W are the centres of AD agus DB. Prove that Y Z = XW.
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Tosach leathanach 27 sa LSS.

3.5 Teoirim VI

I gciorcal ar bith, ais shuiméitreachta is ea gach laline.

Ta Fioghair anseo sa LSS, leathanach 27.

Hipotéis:

Larline ar bith is ea XY i gciorcal gurb é O a lar.
Togail:

Tré phointe ar bith P ar an imline tarraing ancérda PQ atd L le XY. Ceangail OP,
0Q.

Cruthunas:

Is gatha an © iad OP, OQ ionas gur A cémhchosach é OPQ.
'Sé OM an t-ingear 6’'n stuac ar an mbonn PQ.
. Sé OM a.s. an A OPQ, agus fagann sin gur scatha a chéile in XY iad na pointi P agus
Q.
Mar an gcéanna, cuirfear gach pointe den imline ar phointe eile den imline de bharr
scathuin XY. O

Theorem 6. In any circle, each diameter is an axis of symmetry.

Hypothesis:
XY is some diameter of a circle with centre O.

Construction:
Through any point P on the perimeter draw a chord PQ L to XY. Join OP, OQ.

Proof:

OP, OQ are radii of the ©, so that OPQ is an isosceles A.
OM is the perpendicular from the apex on the base PQ.
5 OM is the a.s. of A OPQ, and it follows that the points P and Q are the reflections of
one another in XY.
Similarly, each point of the perimeter is placed on some other point of the perimeter
when reflected in XY O

Atoral

Sianlarline ingearach a.s. cho6rda chiorcail ar bith.

Atora 2

Té line cheangail 1ar cérda le 14ar an © féin, ingearach leis an gcérda.
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Atora 3

M4 ghearrann dh4é chiorcal a chéile i ndha phointe, si line cheangail na lar a.s. an
ch6mhché6rda.

Ta Fioghair anseo sa LSS, leathanach 27.
O’s corda san da © é PQ caithfidh a.s. PQ dul tré Oy, agus tré O,. dbs Si an line 010 i.
Corollary 1. The perpendicular diameter is the a.s. of any chord.

Corollary 2. The line joining the centre of a chord to the centre of the © is perpendicular
to the chord.

Corollary 3. If two circles cut one another in two points, then the line joining the centres
is the a.s. of their common chord.

Since PQ is a chord in both circles, the a.s. of PQ has to go through O,, and through
0. .. itis the line O;0-.
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Tosach leathanach 28 sa LSS.

Teoirim VII

I dtriantan ar bith tagann aisi suiméitreachta na slios le chéile in aon phointe amhain.
Ta Fioghair anseo sa LSS, leathanach 28.
Togail:

Tarraing MO agus NO aisi suiméitreachta na slios AC is AB.

Ta le crutht go ngabhann a.s. an tsleasa BC tré O.

Cruthtnas:
O’s pointe é O in a.s. AB, scatha a chéilein NOis ea A agus B.

» OA=O0B.

Mar an gcéanna td O ar a.s. AC, ionnas go bhfuil OA = OC.
Ach de thairbhe OB = OC gabhann a.s. BC tré O (Teoirim IV). O

Theorem 7. In any triangle the axes of symmetry of the three sides meet in a single point.

Construction:
Draw MO and NO, the axes of symmetry of the sides AC and AB.
We have to prove that the a.s. of the side BC passes through O.

Proof:
Since O is a point in the a.s. of AB, A and Bi are reflections of one another in NO.

~ OA=O0B.

Similarly, O is on the a.s. of AC, so that OA = OC.
But since OB = OC the a.s. of BC passes through O (Theorem 4).

]

Atoral
Gabhann an © gurb é O aléragus argadé OA (= OB = OC) tré reanna an A ABC.

Iomchiorcal an A a tugtar ar an gciorcal ad; 'Sé O iomlar an triantdin.

Atora 2
Ni ghabhann ach ciorcal amhéin tré tri phointi ar bith nach bhfuil c6imhlineach.

Mar, cinntear lar (agus ga) singil amhain de réir tégdla na teorime thuas.
Isionann an atora seo is a rd nach bhfuil thar dha phointe teagmhdla ag dh4 chiorcail
dhifridla.
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Atora 3

Ni féidir tri dronlinte co6mhfthada a tharraingt 6 phointe P go dti imline chiorcail,
morab é P féin lar an chiorcail.

Mar, de thairbhe PA=PB = PC, ta P ar a.s. na dtri slios; .i. 'sé lar an © ABC é.

Corollary 1. The ® with centre O and radius OA (= OB = OC) goes through the vertices
of the A ABC.

The circumcircle of the A is the name given to that circle; O is the circumcentre of the
triangle.

Corollary 2. There is just one circle that passes through three given non-collinear points.

For the construction in the above theorem determines a single centre (and radius).
Another way to state this corollary is to say that two different circles can have no
more than two points in common.

Corollary 3. It is impossible to draw three equally-long straight lines from a point P to
the perimeter of a circle, unless P itself is the centre of the circle.

For, since PA = PB = PC, the point P is on the a.s. of the three sidea, .i. it is the centre
of the ©ABCé.
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Tosach leathanach 29 sa LSS.

Nétai

(1) Baineann dh4d stua le c6rda ciorcail ar bith AB; tugtar an mion-stua AB are an gceann
is giorra orthu.

(2) Nuair leagtar stua ciorcail AB ar stua chémhfhada CD de bharr scéthu i larline, is
soiléir gur stuanna iad AB agus CD até i dtreonna contrardha ar an imline.

Mad’s le casadh timpeall an ldir &fach, a cuirtear stua AB or cheann eile XY, td na
stuanna AB agus XY in aon treo amhdin ar imline an chiorcail.

Notes

(1) There are two arcs associated to any given chord AB of a circle; the shorter of them is

called the minor arc AB.

(2) When a circle arc AB is laid on an equally-long arc CD as a result of reflection in some

diameter, it is clear that the arcs AB and CD run in opposite directions on the perimeter.
However, if it is a rotation about the centre that lays the arc AB on another one XY,

then the arcs AB and XY go in the same direction on the perimeter of the circle.

3.6 Teoirim VIII

Ma ta dha chorda ciorcail comhthada le chéile, taid suiméitreach san larline tré na
bpointe teagmhala.

T4 Fioghair anseo sa LSS, leathanach 29.

M4d’s ar an imline a ghearas na cérdai comhfhada AB,AC a chéile, nil aon choérda eile
tré A atd comhfhada leo (Teoirim VII) agus t4 an teoirim soiléir de réir teoirme VI.
Hipotéis:

Abair anois go bhfuil AB = XY, agus ainmnigh na cérdai sin ionnas go bhfuil na
mion-stuanna AB, Y XY contrardha maidir le treo.

Tétall:
Scéatha a chéile i larline is ea na c6rdai AB agus XY

Cruthtunas:

De bharr an pldna a scathu in a.s. AX, leagtar an cérda XY ar cérda éigin den da
chérda AB, AC tré A ata c6fhada leis.

Ni féidir gur ar AC a thiteas sé , de bhri go bhfuil na mion-stuanna XY agus AC is
aon treo amhdin.

Fédgann sin go gcuirtear an cérda (agus an stua) XY anuas ar AB.

T4 Fioghair anseo sa LSS, leathanach 29, ag bun ar chlé.
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Theorem 8. If two chords of a circle have the same length, they are symmetrical in the
diameter through the point where they meet.

If equally-long chords AB,AC cut one another on the perimeter, then there is no
other chord through A that has the same length as them (Theorem 7) and (in that case)
the theorem is clear from Theorem 6.

Hypothesis:
Suppose now that AB = XY, and name those chords so that the minor arcs AB, XY
have opposite directions.

Conclusion:
The chords AB and XY are reflections of one another in a diameter.

Cruthanas:
When the plane is reflected a.s. AX, the chord XY is laid on one of the two chords
AB, AC through A that have the same length as it.
It cannot land on AC, because the minor arcs XY and AC have the same direction.
Thus the chord (and the arc) XY lands on AB.

T4 Fioghair anseo sa LSS, leathanach 29, ag bun ar chlé.

Stray text in English in MSS (page 29, bottom, next to the figure):
under rot BOC BA toCD: angle between BA and CD = BOC.

Bisector of this angle || AC and so equal "BAC.

»"BOC =2"BAC.
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1th30

Atoral

Is c6mhfhada na stuanna a ghearas c6rdai comhthada ar imline chiorcail.

Atora 2

Sin dhé chaoi chun c6rda ciorcail a leagan anuas ar ch6rda chothrom: (a) le scathu, a
cuireas XY ar AB, (b) le casadh, a chuireas Y X ar AB.

Atora 3

Ma leagtar dronline ¢ ar dhronline m de bharr an pldna a chasadh timpeall ar phointe
O, luionn O ar ch6mhroinnteoir de dhach émhroinnteoir na huilleann idir ¢ is m.

T4 Fioghair anseo sa LSS, leathanach 30.

Nuair tarraingitear an © tré X gur lar d6 O, mé’s in AB a ghearas sé ¢ agus m, feicfear go
gcuirtear A ar X agus go gcuirtear X ar B.

1. Leagtar AX are an gcérda comhfhada X B, agus tdid suiméitreach san larline XO
de réir na teoirme.

Corollary 1. Chords of equal length cut arcs of equal length on the permimeter of a circle.

Corollary 2. Here are two ways to lay a chord of a circle on an equal chord: (a) by a
reflection that lays XY on AB, (b) by a rotation that lays Y X on AB.

Corollary 3. If the straight line ¢ is laid on the straight line m as a result of rotating the
plane about a point O, then O ilies on one of the two bisectors of the angles between ¢ and
m.

When the 6 through X with centre O is drawn, if it cuts ¢ and m in AB, it will be seen
that A is placed on X and X is placed on B.

. AX is laid on the equally-long chord X B, and they are symmetrical in the line XO
according to the theorem.

Cleachtaithe

1. Dh4 choérda ciorcail is ea AB,CD até L le lairline dirithe. Cruthaigh (i) AC = BD,
(ii) AD = BC, (iii) go dtagann AD is BC le chéile ar (an) lairline.

2. Téigheann tri ciorcail dhifridla tré dha phointe A, B. Teaspdin go bhfuil ldir na
gciorcail sin nin aon dronline amhdin.

3. Nuair tugtar dha phointe A, B agus dronline ¢, tarraing o tré A is B a bhfuil a lar ar
l.
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10.

’Sé O lar an bhoinn BC sa A ABC, agus ’sé an cinedl triantdin é go bhfuil OA =
OB = OC. Cruthaigh (1) go dtagann aisi suiméitreachta AB agus AC le chéile in O;
agus (2) go bhfuil A=B+C.

. Aimsigh pointe O a bhéas an fhad chéanna ¢ thri phointi airithe a tugtar.

Teaspdin cé’'n chaoi a gcémhroinntear stua ciorcail.

Ma td na cordai ciorcail AB agus XY comhthada, cruthuigh go bhfuil na hingir 6’'n
lar orthu comhfhada. Cruthaigh freisin gur fior a choinvéarsa sin.

. Méd’s comhfhada na hingir 6 P are dha dhronline teagmhdlacha cruthuigh go bh-

fuil P ar chémhroinnteoir d’uillinn idir an da dhronline.

Tosach leathanach 31 sa LSS.

Gearann dronline dha chiorcal chémhldracha sna pointi A, B,C, D in ord a chéile
ar an dronline. Cruthaigh AB = CD.

Tré phointe P taobh istigh de chiorcail dirithe, tarraing an cérda atd comhroinnte
ag P. Tabhair cruthtiinas led théogadil.

Exercises

1.

AB,CD are two chords of a circle that are L to a certain diameter. Prove (i) AC =
BD, (ii)) AD = BC, (iii) that AD and BC meet on that diameter.

. Three different circles pass through two points A, B. Show that the centres of those

circles lie on a single straight line.

. Given two points A, B and a straight line ¢, draw a © through A and B having its

centre on .

O is the centre of the base BC in A ABC, and it is the kind of triangle in which
OA = 0B = OC. Prove (1) that the axes of symmetry of AB and AC meet at O; and
(2) that A=B+C.

. Find a point O that will be the same distance from three given points.

Show how to bisect an arc of a circle.

. If the bisectors of the circle chords AB and XY are the same length, prove that the

perpendiculars to them from the centre are the same length. Also, prove that the
converse is valid.

. If the perpendiculars from P on two iintersecting straight lineare are equally long,

prove that P is on the bisector of an angle between the two straight lines.
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9. A straight line cuts two concentric circles at the points A, B,C, D in that order on
the straight line. Prove that AB = CD.

10. Through a given point P inside a certain circle, draw the chord that is bisected by
P. Prove that your construction works.
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Tosach leathanach 32 sa LSS.

3.7 Teoirmi Breise

3.8 Teoirim A

Isionann dhd scatht an phléna as a chéile sna dronlinte teagmhdélacha ¢ is m, agus an
pléna a chasadh timpeall a bpointe teagmhdla tré dh4 oiread na huilleann idir ¢ is m.

Ta Fioghair anseo sa LSS, leathanach 32.

Is 1éir go bhfanann O socair de bharr an dé scéathu.
Tégail:

Tog pointe ar bith P sa phldana agus linigh an © tré P gurb é O a lar. Aimsigh P; scith
an phoinnte P in ¢, agus P, scath an phointe P in m, gur pointi iad ar imline an © de
réir teoirme VI.

Cinneann na tri pointi PP, P, in ord a chéile treo dirithe ar an imline, agus is do

stuanna san treo sin a thagras an cruthtnas.
Scribhfar AB chun an stua AB a chomharchu.

Cruthtnas:
Cémhroinnrann ¢ an stua PP; (teoirim VI).
ota 13?1 =2x ,7173\1
Mar an gcéanna, ta PP, =2xDB, agus le suimit faighter

PP,=2xAB.

1. Cuirtear P ar P, de bharr chasta timpeall O, gurb ionann € agus dha oiread an chasta
a chuireas ¢ ar m.

Cé nach mar a chéile ne huilleacha AOB san d4 léar4id (uilleacha den chineél & agus
—(180° — &) is ea iad 6 ???) is cuma cé acu a cuirtear i gceist sa teoirim, de bhri gurb é an
casadh céanna a fhreagraios don d4 uillinn 2& agus —360° + 24.

3.9 Extra Theorems

Theorem A. The same effect is produced by ireflecting the plane in succession in two in-
tersecting straight lines ¢ and m, and by rotating the plane about the point of intersection
through twice the angle between ¢ and m.

It is clear that O remains fixed under the two reflections.

Construction:

Take any point P in the plane and draw the © through P with centre O. Find P, the
reflection of the point P in ¢, and P,, the reflection of the point P; in m, both of which
will be points on the perimeter of the © by Theorem 6.
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The three points PP; P, in that order determine a particular direction on the perime-
ter, and the proof will refer to arcs in that direction.
We shall denote the arc AB by AB.

Proof:
¢ bisects the arc PP; (Theorem 6).
PP1 =2x APl.

Similarly, Py Py = 2 x 13TB, and adding gives
PP, =2xAB.

.. Pis placed on P, by a rotation about O equal to twice the rotation that places ¢ on m.

Even though the angles AOB in the two illustrations are different (they are angles of
the form @ and —(180° — &) from <illegible>!) it doesn’t matter which of them is referred
to in the theorem, because the same rotation corresponds to the two angles 2d& ands
—-360° +24.

Ipossibly Chapter something
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Néta

Mad’s scathu in m a déantar i dtosach agus m4 scdithtear an pldna san line ¢ ina dhiaidh
sin, is ionann € sin agus

Tosach leathanach 33 sa LSS.

casadh tré dha oiread an chasta a leagas m ar ¢.
Sin casadh atd contrardha don cheann a thagrann an teoirim do.

Téarma

Tugtar dronlinte c6 mhreathacha ar dhronlinte a thagas le chéile in aon phointe amhdin.
e.g. Aisi suiméitreachta na dtri slios i dtriantén ar bith.

Note

If you start by reflecting in m and then reflect the plane in the line ¢ after that, the result
is the same as

a rotation that is twice the rotation that places m on ¢.

That is an opposite rotation to the one that is involved in the theorem.

Definition

(Several) lines are said to be concurrent if they all meet in a single point.
e.g. The axes of symmetry of the three sides of an arbitrary triangle.

3.10 TeoirimB

Idtriantan ar bith, dronlinte c6mhreathacha is ea comh-roinnteoiri na n-uilleann istigh.

T4 Fioghair anseo sa LSS, leathanach 33.

Hipotéis:
Coémhroinnteoiri na n-uilleann B is C is ea BI agus C]I.

Tatall:
Té le cruthti gurb é AI cémhroinnteoir na huilleann A.

Cruthunas:

De bhér dhd scathu in BI agus CI as éadan, cuirtear AB fan CB i dtosach, agus leag-
tar CB fan CA ansin.
.. Cuirtear AB fannaline CA de bharr an d4 scdth, gurnionann iad agus casadh dirithe
timpeall 1.

- comhroinneann Al an uille CAB [Teoirm VIII, Atora 3].

Theorem B. In any triangle the bisectors of the inside angles are concurrent.
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Hypothesis:
BI and CI. are the bisectors of the angles B and C.

Conclusion:
We have to prove that Al bisects the angle A.

Proofilf we reflect in BI and CI, one after the other, then first of all AB is laid along CB,
and then CB along CA.
.. AB is laid along the line C A as a result of the two reflections, which together produce
the same effect as a certain rotation about /.

:. c6 Al bisects the angle CAB [Theorem 8, Corollary 3].
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Nota 1l

Mé’s in BI,, CI; (cémhroinnteoiri na n-uilleann B agus C amuigh) a scdithtear an pldna,
is 1éir go gcuirfear AB fan CA aris, ionas

Ta Fioghair anseo sa LSS, leathanach 33.

go bhfuil A} mar ch6mhroinnteoir na huilleann A freisin.
i. T4 cémhroinnteoiri na n-uilleann B agus C amuigh, cémhreathach le cémhroinnteoir
na h-uilleann A istigh.

Tosach leathanach 34 sa LSS.

Tugtar inldr an triantdin ar [; 'sé I; an t-eislar 6s céir A. T4 eisldir eile s c6ir B agus
C.

Nota 2

Is comhfhada na hingear 6 I (agus 6 ;) ar shleasa an triantdin.
Mar scédtha a chéile sna comhroinnteoiri is ea iad.

Note 1

If (instead) we reflected the plane in B}, CI; (the bisectors of the external angles B and
C), it is clear that AB would again be placed along CA, so that Al is also the bisector of
the angle A.
i. The bisectors of the external angles B andC are concurrent with the bisector of the
internal angle A.

I is called the incentre of the triangle; I, is called the exocentre opposite A. There are
other exocentres opposite B and C.

Note 2

The perpendiculars from I on the sides of the triangle are all the same length (as are
those from I).

For they are reflections of one another in the bisectors.
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Caibidil 4
Aistria an Phlana. Paralléileacht

Tosach leathanach 35 sa LSS.

Translating the Plane. Parallelism

Nuair caster plana timpeall ar phointe dhe, stua ciorcail is ea lorg gach pointe den
phldna (cé’s moite de laran chasta). Sa gcaibidil seo is mian linn trédcht ar chaoi eile
chun plana a shleamhn air féin, ionas gur ar dhronline a ghluaiseas pointe ar bith.

Aistrigh leabhar ar dhromchla an bhoird i gcaoi go shleamhnaionn citis an leab-
har fan dronline a marcdiltear ar an mbord roimhré. Feicfear nach mbaineann casadh
né iomp6 don leabhar san imeacht dé. Linigh fioghair phlanach agus dronline éigin ¢
ar an phdipéar, agus rianaigh aris iad ar phdipéar tri-shoillseach a leagtar anuas orthu.
Sleamhnaigh an pdipéar uachtarach ar an gceann iochtarach i gcaoi go bhanann rian na
dronline ¢ ar ¢ féin ar feadh na gluaiseachta. Léirionn sé sin ceard a bhaineas d’ionad
na fioghaire de bharr an aistrithe.

Tugtar aistrii an phldna fan na dronline ¢ ar an gcinedl sin gluaiseachta. Is aistrit a
cuirtear i ngniomh ar dhronbhacart nuair shleamhnaitear ar fhaobhar rialach é.

T4 Fioghair anseo sa LSS, leathanach 35.

Ta dha treo chontrddha ar ¢ chun aistrii a dheanamh ionntu, viz. (i) nuair is 6 A
go dti A, a théigheas A, agus (ii) an t-aistrit ina ngluaiseann A; go dti A, a chuireas an
chéad aistria ar meamhni.

Mad’sé B; an t-ionad a ghabhas B san aistriit 6 A go dti A;, tuiteann AB anuas go
cruinn ar A;B;. Mar an gcéanna cuirfear géaga na huilleann & ar ghéaga na huilleann
a;. Luionn sé le réasungo bhfuil A;B; = AB, agus & = &), agus ni miste an prionnsabal
seo a leanas a chur ar bun:

When the plane is rotated around one of its points, the locus of each point of the
plane (apart from the centre of the rotation) is a circle. In this chapter we want to discuss
another way to slide the plane on itself, so that each point moves in a straight line.

Move a book on the surface of the table in such a way that the spine of the book slides
along a straight line marked on the table in advance. You will observe that the book is
not turned or rotated as it moves. Draw a planar figure and some straight line ¢ on the

101
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paper, and draw them again on transparent paper laid on top. Slide the upper paper on
the lower in such a way that the copy of the straight line ¢ stays on top of ¢ throughout
the movement. That shows what happens to the position of the figure as a result of the
movement.

That kind of movement is called a translation of the plane along the straight line ¢.
You are translating a set square when you slide it along the edge of a ruler.

There are two opposite ways along ¢ to make translations, viz. (i) when A moves
from A to A;, and (ii) the translation in which A; moves to go A, which cancels out the
first translation.

If B, is the position to which B moves with the translation from A to A;, then AB
lands exactly on A; B;. In the same way, the arms of the angle & are placed on the arms
of the angle @,. It stands to reason that A; By = AB, and & = &, and we need to lay down
the following principle:
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Tosach leathanach 36 sa LSS.

Bun-Phrionnsabal 111

Is c6fhada na linte agus is comhméad na huilleacha go luionn ceann acu go cruinn ar an
gceann eile de bharr an plana a aistria.

Cinneann aon dé phointe ar bith A is A;, aistriu dirithe, viz. an t-aistriti fan AA; ina
gcuirtear A anuas ar A;. 'Sé an t-aistrit 6 A; go dti A an t-aistrit contrardha.

O tharla AB = A;B;, td AA; = BBy, agus dd bhri sin cuireann na pointi difritla ar ¢
an fhad chéanna diobh. Fédgann sin gurb é an t-aistria céanna é A go dti A;, n6 B go dti
B;.

Axiom III

When the plane is translated each line is moved to a line of equal length and each angle
is moved to an angle of equal size.
Any two points A and A; determine a particular translation, viz. the translation along
AA; in which A moves to A;. The translation from A; to A is the opposite translation.
Since AB = A;B;, we have AA; = BB, and hence all the different points on ¢ travel
the same distance. Thus the translation from A to A; is the same as B to B;.

Téarmai

treasnai a tugtar ar dhronline a ghearas dha dhronline eile.
Dronlinte parallélacha is ea dha dhronline gur féidir line amhadin acu a leagan ar an
line eile le haistriu.

Ta Fioghair anseo sa LSS, leathanach 36.

Mad’s ar an bparalléil m a cuirtear ¢ de bharr aistrithe fan AB, 6 A go dti B, is soiléir go
leagtar an uille & anuas ar &;. Tugtar uilleacha freagarthacha orthu sitd, agus uilleacha
freagarthacha is ea § agus B, freisin. Uilleacha altéarnacha a tugtar ar & agus .

Definitions

A line that cuts two other lines is called a transversal.
Parallel lines are lines, one of which can be moved onto the other by a translation.

If the parallel m is where a £ moves as a result of the translation along AB, from A to
B, it is obvious that the angle @ moves onto &;. Those angles are called corresponding
angles and B and B, are also corresponding angles. Alternate angles is the term used for
& and @».
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4.1 Teoirim IX

Ma ghearrann treasnai dhé dhronline eile i gcaoi go bhfuil,

(i) na huilleacha freagarthacha ar comhméad,

no (ii) na huilleacha altéarnacha ar comhméad,

no (iii) suiman da uillinn istigh até ar aon taobh amhain den treasnai cothrom le dha
dhronuillinn,

ansin dronlinte parallélacha is ea an da dhronline.

Tosach leathanach 37 sa LSS.

Ta Fioghair anseo sa LSS, leathanach 37.
@
Hipotéis:
Treasnai is ea AB a ghearas ¢, m ionas go bhfuil & = &, .

Tatall:
Linte parallélachais ea ¢, m.

Cruthanas:

De bharr an pldna a aistriti fan AB 6 A go dti B, sleamhnaionn an dronline AB uirthi
féin.

.. Cuirtear AB fan BC.
Ach, 6 théarla & = a,, is ar m a leagtar an géag /.

. Ta ¢ parallélach le m de réir an t-sonnruithe.

(ii)
Hipotéis:
Ta na huilleacha altéarnacha &, @, ar comhmeéad.

Tatall:
Linte parallélachais ea ¢, m.

Cruthanas:
Tugtar & = @». Ach td a, = a; (Teoirim II).
». Ta & = &, agus linte paralélacha is ea ¢, m, de réir (i).
(iii)
Hipotéis:
Is ionann agus dha dhronuillinn an tsuim & + f.

Tatall:
Linte parallélachais ea ¢, m.

Cruthanas:
Tugtar @ + = 180°. Ach td &; + 8 = 180° (Teoirim I). FAgann sin & = &;, ionas gur
linte parallélacha iad de réir (ii). O
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Theorem 9. If a transversal cuts two other straight lines in such a way that

(i) the corresponding angles are of equal size,

or (ii) the alternate angles are of equal size,

or (iii) the sum of two inside angles on the same side of the transversal is equal to two right
angles,

then the two straight lines are parallel.

noindent (i)

Hypothesis:
AB is a transversal cutting ¢, m so that & = @ .
Conclusion:
The lines ¢, m are parallel.
Proof:
When the plane is slid along AB from A to B, the straight line AB slides on itself.
.. ABis moved to BC.

But, since & = @;, the line ¢ is moved onto m.
:. ¢ is parallel to m according to the definition.

(i)
Hypothesis:
The alternate angles &, @, are the same size.

Conclusion:
The lines ¢, m are parallel.

Proof:

We are given that & = a». But &, = &; (Theorem 2).
L @ =a;,and ¢, m are paralle lines, according to (i).
(iii)
Hypothesis:

The sum @& + f is equal to two right angles.

Conclusion:
The lines ¢, m are parallel.

Proof:
We are given that & +,l§ =180°. But &; + ﬁ =180° (Theorem 1). It follows that & = a;,
so that the lines are parallel according to (ii). O
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Tosach leathanach 38 sa LSS.

4,2 Teoirim X

(a) Is féidir dronline a leagan anuas ar dhronline pharallélach de bharr an phldna a
chasadh tré 180°.
(b) Ni théadfadh dha dhronline pharallélacha theagmh4il le chéile.

Téa Fioghair anseo sa LSS, leathanach 38.
(@)
Hipotéis:
T4 aistriu éigin ann (6 A go dti B, abair) a leagas ¢ ar m.
Togail:
Faigh M lar na dronline AB.

Tatall:
Leagtar ¢ ar m (agus cuirtear m ar ¢) de bharr chasta tré 180° timpeall M.

Cruthanas:

De bhri go gcuirtear ¢ ar m de bharr an aistrithe 6 AgodtiB,td ¢ = a;. Achtda; = a,
(Teoirim II).

Fagann sin & = &,, agus mar an gcéanna ta ff = fo.

Ma castar an pldna tré 180° timpeall M, cuirtear M A fan na line M B, agus 6 thérla
MB = M Ais anuas ar B a thiteann A.

Ach de thairbhe & = &5 is fan na line BD a leagfar AX.
.. Cuirtear ¢ fan na dronline m, agus mar an gcéanna cuirtear m fan ¢. O
(b)

Hipotéis:
Dronlinte parallélachais ea ¢, m.

Tatall:
Ni féidir leo teagmhadil le chéile, pé treo ina sintear iad.

Cruthanas:

Dé ngearradh AX is BY i bpointe Z thuas, de bharr an chasta tré 180° timpeall M
cuirfi Z ar phointe teagmhadla BD agus AC thios, ionas ionas go mbeadh dh4 phointe
teagmhala ag na dronlinte ¢ is m.

Ach ni féidir sin a bheith amhlaidh.

. Ni ghearann ¢ is m a chéile thuas na thios. O
1

Theorem 10. (a) A straight line can be moved onto a parallel straight line by rotating the
plane through 180°.
(b) Two parallel straight lines cannot meet.

T4 4bhar scriofa san imeall agus line trid.
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(a)

Hypothesis:
There is some translation (from A to B, say) that lays ¢ on m.

Construction:
Find M, the centre of the straight line AB.

Conclusion:
/¢ islaid on m (and m s put on ¢) by a rotation through 180° about M.

Proof:

Since ¢ is put on m by the translation from A to B, we have & = a;. But &; = a»
(Theorem 2).

It follows that & = &, and in the same way 8 = .

If the plane is rotated through 180° around M, then M A is placed along the line M B,
and since MB = M A itis on B that A lands.

But since a = &, AX is laid along BD.
.. ¢ is put along the straight line m, and similarly m s laid along ¢. O
(b)

Hypothesis:
¢ and m are parallel straight lines.

Conclusion:
They will never meet, no matter how far they are extended.

Proof:

If AX were to meet BY at the point Z above, the result of a rotation through 180°
about M would be to place Z on the point where BD and AC below, so that there would
be two common points on the lines ¢ and m.

But that cannot happen.

.. ¢ and m do not cut one another, above or below. O
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Tosach leathanach 39 sa LSS.

Atora

Ni féidir aistriQi a chur i ngniombh le casadh singil timpeall ar phointe ar bith.

Mar, dd mba phointe é Z nér chorruigh, cuirfi Z A ar ZB agus ba phointe teagmhdla dha
dhronline pharallélacha é Z.

Nota

Sin dhd chaoi chun ¢ a leagan anuas ar an bparalléil m, agus an pointe A a thitim ar B,
viz. (i) an pldna a aistriti fan AB agus (ii) a pldna aa chasadh tré 180° timpeall M.
Is contradha d4 chéile 4fach na treoanna go leagtar ¢ ionta san d4 chas.

Corollary. A translation cannot be achieved by a single rotation around any point at all.

For if Z were the point that does not move, then Z A would move to ZB and those two
parallel lines would meet at Z.

Note

There are two ways to move ¢ onto the parallel m, so that the point A falls on B, viz. (i)
to translate the plane along AB and (ii) to rotate the plane through 180° about M.
However, in the two cases ¢ is laid in contrary directions.
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4.3 Acsiom Playfair

De réir an tsonnruithe nuair tugtar dha dhronline a bheith parallélach, is ionann é is a
rd go bhfuil aistrit amhdin ann, ar a laghad, a leagas ¢ ar m; e.g. 6 A go dti B fan na
dronline AB.

Ta Fioghair anseo sa LSS, leathanach 39.

M4d’s treasnai eile é AY, is 1éir go gcuirfear ¢ ar m aris de bharr an d4 aistria 6 A go dti
B agus 6 B godti Y as a chéile, ach is ar an bpointe Y a thitfeas A anois.

D4 n-aistriti an pldna 6 A go dti Y fan na dronline AY, cuirfi A ar Y agus leagfai
¢ ar pharalléil éigin tré Y. Ni léir diinn anois &fach (agus ni féidir a chruthi le bun-
phrionnsabal III) go anuas go cruinn ar m a leagfari.

Tosach leathanach 40 sa LSS.

Gheofar amach le tridlacha afach gur mar sin atd , ionas gur mar a chéile an d4 aistrit
A godti Bagus B godti Y as éadan, agus an t-aistrit singil Agodti Y.

Mar an gcéanna méd’s pointe ar bith eile i X ar ¢, is ionann an t-aistria X go dti Y
agus an dd aistria X go dti A agus A go dti Y as a chéile, rud a leagas ¢ ar m aris, ach go
dtiteann an pointe X ar an bpointe Y da bharr.

'Séard a 1éirios na tridlacha sin gur cuma cén pointe de ¢ a cuirtear ar Y de bharr
aistrithe, is fan na line m a cuirtear / i gcomhnai , ionas gurb é m an t-aon dronline
amhdin tré Y atd parallélach le 2.

Bun-Phrionnsabal IV (Acsiéom Playfair)

Tréphointe ar bith ar phlana, ni théigheann ach dronline amhéin ata parallélach le
dronline dirithe.

Is furasta a theaspaint gurb ionann acsiom Playfair agus teoirim ar bith den da theoirim
seo a leanas.

4.4 Playfair’s Axiom

According to the definition, when we are given that two straight lines are parallel, that is
the same as saying that there is one translation, at least, that moves ¢ onto m; e.g. from
A to B along the straight line AB.

If AY is another transversal, it is clear that ¢ is laid on m again as a result of the
translations from A to B and from B to Y together, but now the point Y is where A ends
up.

If the plane were translated from A to Y along the straight line AY, then A would be
placed on Y and ¢ would be laid on some parallel through Y. However, it is not obvious
(and it is impossible to prove using Axiom III) that £ ends up exactly on m.

Experiment, however, will show that this is the case, so that the two translations are
equivalent: from A to B and from B to Y combined, and the single translation from A to
Y.
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Similarly, if X is any other point on ¢, then the translation from X to Y and the two
translations X to Aand A to Y in sequence produce the same effect, which is to lay £ on
m again, except that now the point X ends up at the point Y as a result.

What these experiments show is that it makes no difference which point of ¢ is placed
at Y by the translation, the line ¢ is always laid along the line m, so that m is the only
straight line through Y that is parallel to ¢.

Axiom IV (Playfair’s Axiom)
There is only one straight line through any give point of the plane, parallel to a given
straight line.

It is easy to show that Playfair’s axiom is equivalent to either of the two following
theorems.
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4.5 Teoirim XI (Coinvéarsa Theoirme IX)

Ma ghearrann treasnai ar bith dh4 dhronlie pharallélacha, t4,

(i) na nuilleacha freagarthacha ar coméad,

(ii) na huilleacha altéarnacha ar c6meéad,

(iii) suim an d4& uilinn istigh ata ar aon taobh amhdin chothrom le dh4 dhronuillinn.

Ta Fioghair anseo sa LSS, leathanach 40.

Hipotéis:
Treasnai ar bith is ea AB a ghearas na dronlinte parallélacha ¢ agus m.

Tatall:
T4 (i) & = a;; (i) & = ay; (iii) alpha+ p =180°.

Cruthanas:
Nuair a haistritear an pldana fan RAB go gcuirtear A ar B, leagtar an dronline ¢ anuas
ar m (Acsiom Playfair).

Tosach leathanach 41 sa LSS.

(i) .. Leagtar @ anuas ar an uillinn fhreagarthaigh a;, .i. & = a;.
(ii) O tharla &; = @, (Teoirim II), figann sin @ = d..

Td &+ f = a1+ =180° (Teoirim I). O

Theorem 11 (Converse of Theorem 9). If any transversal at all cuts two parallel straight
lines, then

(i) the corresponding angles are the same size,

(ii) the alternate angles are the same size,

(iii) the sum of the two inside angles on one side add to two right angles.

Hypothesis:
AB is any translation that cuts the parallel straight lines ¢ and m.

Conclusion:
(i) @ = ay; (i) & = ap; (iii) alpha+ B = 180°.
Proof:

When the plane is translated along RAB to put A on B, the straight line ¢ is placed
on m (Playfair’s Axiom).
(i) - @ lands on the corresponding angle a;, .i. & = &;.
(i) O théarla d@; = @» (Theorem 2), and hence & = &,.

&+B:d1+/§: 180° (Theorem 1). O
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4.6 Teoirim XII

I dtriantan ar bith is ionann suim na dtri n-uilleann istigh agus dh4 dhronuillinn.

Ta Fioghair anseo sa LSS, leathanach 41.

Hipotéis:
Triantéan is ea ABC.
Togail:
Abair gurb i XAY an t-aon pharalléil ahmdin le BC a ghabhas tré A.
Tatall:
T4 A+B+C=180°.
Cruthunas:
O’s treasnai é AB a ghearas nalinte parallélacha BC,XY, td na huilleacha altéarnacha
B agus B ar cémhméad.
Mar an gcéanna treasnai eile is ea AC, ionas go bhfuil C=0C.
Fégannsin1§+A+C’:1§1+A+CI:180°. O

Theorem 12. In any triangle at all the sum of the three inside angles is equal to two right
angles.

Hypothesis:
ABC is a triangle.

Construction:
Let XAY be the sole parallel to BC that passes through A.

Conclusion:
A+B+C=180°.

Proof:

Since AB is a transversal that cuts the parallel lines BC,XY, the alternate angles B
and B; are the same size.

Similarly, AC is another transversal, so that C=0C.

Thus B+ A+C=B,+A+C, =180°. O

Atora

Maé sintear slios triantdin is ionann an uille amuigh agus suim an dé uillinn meamhch 6g-
aracha istigh.

Ta Fioghair anseo sa LSS, leathanach 41, ceann beag, ar dheis.
Mar ’si féirlion na huilleann comhgorai i1 , agus sin suim an d4 uilinn eile de réir na
teoirme.

Ta Fioghair anseo sa LSS, leathanach 41, imeall clé .
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Nota

T4 Fioghair anseo sa LSS, leathanach 41, imeall clé .

Mad’s bothair dhireacha iad XY is OB t4 casadh tré’n uillinn ZOB le déanambh ag O,
ag gluaistednai a thagas 6 X agus gur mian leis iomp6 i dtreo Y. Sin casadh an-ghéar.
M4 t4 bothar eile AB treasna &fach, tig leis dhd iarracht a thabhairt faoii.e. OAB ag A?

agus DBY ag B. Féach gurb ionann suim an d4 chasadh bheag leis an casadh iomlén ag
O.

T4 Fioghair anseo sa LSS, leathanach 41, san imeall.

Corollary. When one side of a triangle is extended, the external angle is equal to the sum
of the two non-adjacent angles inside.

Because it is the complement of the adjacent angle, and that is the sum of the other
two angles, according to the theorem.

Note

If XY and OB are straight roads A driver would have to make a turn through an angle
ZOB at O, if he were coming from X and wanted to turn in the direction of Y. That is a
very sharp turn. If, however, there is another cross-road AB, he can make two efforts of
it, i.e. OAB at A and DBY at B. Observe that the sum of the two small rotations is the
same as the whole rotation at O.

2potin sa LSS: O in dit A
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Tosach leathanach 42 sa LSS.

Téarmai

Scriobhtar an nod || in &it “parallélach".
Parallélogram is ea ceatharshleasdn ar bith ina bhfuil gach slios | leis an sios atd 6s a
chaéir. Scriobhtar /7 in it “paralélogram" amannta.

Definitions

We write the symbol || instead of “parallel”.
A Parallelogram is any quadilateral n which each side is | to the side opposite it. We
sometimes write /7 instead of “parallelogram".

Cleachtaithe

A

1. M4 ta @ = 60° sa bhfioghair i dteoirim X, faigh &, @», §.

2. Linigh ar do phdaipéar dhd dhronline | tré dronbhacart a sleamhnut ar faobhar ri-
alach. Tarraing tri treasnaithe ar bith agus agus faigh le huilleanntomhas na huil-
leacha altéarnacha.

3. Tri dronlinte is ea ¢,m,n. Ta ¢ || le m agus td m || le n. Tarraing treasnai ar bith
agus luaidh aistrit (i) a chuireas ¢ ar m; (ii) a chuireas m ar n; (iii) a chuireas ¢ ar
n.

Ma ta dha dhronline || le dronline eile, cruthuigh go bhfuil siad féin || le chéile.
4. T4 dha dhronline L le dronline dirithe; Cruthaigh go bhfuil siad ||.

5. Cordai comhfhada i gciorcal is ea AB, CD ionas go bhfuil na mion-stuanna AB is
CD sa tre6 céanna ar an imline. Cruthuigh de thairbhe Ceist 4 go bhfuil AD || le
BC.

6. Teagmhaionn dha dhronline ¢, m le chéile i bpointe A, agus tdid || leith ar leith le
dhé dhronline eile ¢; agus m;, a ghearras a chéile in B. Cruthaigh gurb ionann an
uile deimhneach idir ¢ is m agus an uille deimhneach idir ¢, is m;.

[Lide: an t-aistritt 6 A go B a bhreithniu.]

7. De thairbhe (6) cruthuigh go bhfuil gach uille i bparallélogram cothrom leis an
uillinn ata 6s a coir.

8. I bparallélogram ar bith ceithre dronuilleacha is ea suim na gceithre n-uilleann
istigh.
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10.

11.

12.

13.

CAIBIDIL 4. AISTRIU AN PHLANA. PARALLEILEACHT

. Tarraing triantan ar bith OAB agus aimsigh ionad nua OA; B; an triantdin sin arna

chasadh tré 180° timpeall O.
Cruthaigh go bhfuil B; A, | le AB.

Pointi is ea X, Y ar shleasa an triantdin comhchosach ABC ionas go bhfuil XY ||
leis an mbonn BC. Cruthuigh gur A c6mhchosach eile ¢ AXY'.

I dtriantdn ch6mhshleasach ar bith, teaspdin go bhfuil 60° i ngach uillinn.

I dtriantdn chémhchosach dirithe is m6 faoi dh6 gach bonn-uille na an stuacuille.
Aimsigh toisi na dtri n-uilleann.

Pointe is ea P taobhistigh den A ABC. Cruthuigh
BPC =BAC + ABP + ACP.

[Lide: in an line AP agus breithnigh uilleacha na A BAP agus CAP.]

Ta Fioghair anseo sa LSS, leathanach 42, ag bun, san imeall.

Exercises

1.

2.

A

If & = 60° in the figure in Theorem 10 find &, &>, B.

Draw on your paper two parallel lines by sliding a set square along a ruler. Draw
any three transversals and measure the alternate angles with a protractor.

¢, m, n are three straight lines. ¢ || to m and m || to n. Draw any transversal at all
and look for a translation (i) that puts ¢ on m; (ii) that puts m on n; (iii) that puts ¢
on n.

If two straight lines are parallel to another straight line, prove that they themselves
are | with one another.

Two straight lines are L to a particular straight line ; Prove that they are ||.

. AB,CD are chords of equal length in a circle and the minor arcs AB and CD have

the same direction on the perimeter. Prove as a result of question 4 that AD | to
BC.

Two straight lines ¢, m meet at the point A, and they are | respectively with two
other straight lines ¢, and m;, which cut one another at B. Prove that the positive
angle between ¢ and m is equal to the positive angle between ¢, and m,.

[Hint: consider the translation from A to B.]

By using (6) prove that each angle in a parallelogram is equal its opposite angle.

. In amy parallelogram the sum of the four interior angles is four right angles.
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9.

10.

11.

12.

13.

Draw any triangle OAB and find the new position OA; B; of that triangle after ro-
tating it through 180° about O.

Prove that B; A; || to AB.

X, Y are points on the sides of the isosceles triangle ABC such that XY | to the
base BC. Prove that AXY is another isosceles A.

In any equilateral triangle, prove that each angle has 60°.

In a given isosceles triangle each base angle is twice as great as the apex angle.
Find the measures of the three angles.

P is a point inside the A ABC. Prove
BPC = BAC + ABP + ACP.

[Hint: Draw the line AP and examine the angles of the As BAP and CAP.]
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Tosach leathanach 43 sa LSS.

4,7 Teoirim XIII

Nuair a h-aistritear plana, is comhthada parallélach na dronlinte go 1éir a cheanglaios
ionad tosaigh agus ionad deiridh gach pointe.

Ta Fioghair anseo sa LSS, leathanach 43.

Hipotéis:

Cuirtear A ar B, agus cuirtear C ar D de bharr aistrithe airithe, ionas go leagtar AD
anuas ar bparalléil BC.

.. Tugtar AD = agus || le BC.

Tatall:
Ta AB = agus || le DC.
Téogail:
Faigh M, lar na dronline AC.
Cruthanas:
Ma castar an pldna tré 180° timpeall M, cuirtear A ar C agus leagtar AD fan na
dronline CB (Teoirim XI).
O tharla AD = BC, is anuas ar B a thuiteas D, agus mar an scéanna tuiteann B ar D.
Féagann sin go gcuirtear AB ar CD, ionas go bhfuil siad comhfhada.
De bhri go leagtar 8 ar an uillinn altéarnaigh B, ta AB || le DC (Teoirim XII).
.. Ta AB = agus || le DC. O

Theorem 13. When a plane is translated, the straight lines that join the initial and final
positions of each point are all parallel.

Hypothesis:

Ais placed on B, and C on D by a certain translation, so that AD is laid down on a
parallel BC.

.1. We are given that AD = and || to BC.

Conclusion:

AB =and || to DC.
Construction:

Find M, the centre of the straight line AC.
Proof:

If the plane is rotated through 180° around M, then A is placed on C and AD is laid
along the straight line CB (Theorem 11).

Since AD = BC, B is where D goes, and similarly B goes to D.

Thus AB is placed on CD, so that they are the same length.

Since B is laid on the alternate angle ,[31, we have AB || to DC (Theorem 12).

i. AB=and | to DC. O
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Atoral

Parallélogram is ea ceathairshleaséan ar bith gur c6mhfhada, parallélach dha shlios de
ata ar aghaidh a chéile ann.

Atora 2

Ma ta dhd dhronline (mar AB is DC thuas) comhfhada, parallélach, 'sé an t-aistria
céanna a bhreacas siad.

Corollary 1. Any quadrilateral having two opposite sides of equal length and parallel is
a parallelogram.

Corollary 2. Iftwo straight lines (like AB and DC above) are the same length and parallel,
then they determine the same translation.
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Tosach leathanach 44 sa LSS.

4.8 Teoirim XIV (Suiméitreacht an Pharallelogram)

Is air féin ar ais a leagtar parallélogram de bharr an plédna a chasadh tré 180° timpeall
phointe airithe.

T4 Fioghair anseo sa LSS, leathanach 44.

Hipotéis:

Parallélogram is ea ABCD .i. td AB|l le DC, agus td AD|| le BC.
Togail:

Faigh M, lar an treasnain AC.

Tétall:
Is air féin ar ais a leagtar ABCD de bharr chasta tré 180° timpeall M.

Cruthunas:

Treasnai ag an dé dronline || AD,DC is ea AC, agus de réir Teoirme XI cuirtear A ar
C agus leagtar AB fan CD, de bharr chasta tré 180° timpeall M.

Treasnai ag an da dhronline | AD, BC is ea AC freisin, agus mar an gcéanna cuirtear
CB fan AD de bharr an chasta sin.

Féagann sin go gcuirtear B, pointe teagmhdla AB is CB, ar phointe teagmhdla CD is
AD, .i. ar D.

= Leagter gach rinn ar an rinn 6s a choéir, agus leagtar gach slios ar an slios ar a
aghaidh. O

Theorem 14 (The Symmetry of the Parallelogram). A parallelogram is laid on itself by a
rotation of the plane about a certain point.

Hypothesis:
ABCD is a parallelogram .i. AB| to DC, and AD|| le BC.

Construction:
Find M, the centre of the diagonal AC.

Conclusion:
ABCD is laid on itself again by a rotation through 180° about M.

Proof:

AC is a transversal of the two | straight lines AD, DC, and by Theorem 11 A is placed
on C and AB along CD, by a rotation through 180° about M.

AC is also a transversal of the || straight line AD,BC, and in the same way CB is
placed along AD by that rotation.

It follows that B, the point where AB meets CB, is placed on the point where CD
meets AD, .i. on D.

= Each vertex is laid on the opposite vertex to it, and each side is laid on its opposite
side. O
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Atora

Siolraionn na tréithre seo go l1€éir as suiméitreacht an pharallélograim:—

(i) Ta4 AB = DC, agus AD = BC.

(ii) Ta DAB = D/C\B, agus ta ABC = ADC.

(iii) 'Sé M lar an treasndin BD freisin, mar leagtar B ar D.

(iv) Ma ghearrann dronline ar bith tré M dha shlios, até ar aghaidh a chéile, sna pointi
XisY,taMX=MY.

(v) Triantdin congriaacha is ea ABC agus CDA.

Corollary. All the following properties follow from the symmetry of the parallelogram:—
(i) AB=DC, and AD = BC.
(ii) DAB = DCB, and ABC = ADC.
(iii) M is also the centre of the diagonal BD as well, because B is laid on D.
(iv) If any straight line at all through M cuts two opposite sides in the points X and Y,
then MX = MY.
(v) The triangles ABC and CD A are conguent.
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Tosach leathanach 45 sa LSS.

Téarma

Chun firinne teoirme a chrutht, is furasta amanta a theaspdint nach féidir i a shéanadh.
'Sé sin, teaspdintear go bhfuil contrardha na teoirme bréagach agus fagann sin go gcaith-
fidh an teoirim féin a beith fior.

Crutinas neadireach a tugtar ar a leitéid sin de chruthunas.

Definition

To prove that a theorem is true, it is sometimes easier to prove that it cannot be denied.
That is, you prove that the contrary of the theorem is false and that implies that the theo-
rem has to be true.

Reductio ad absurdum or proof by contradiction is the term used for that kind of
proof.

4.9 Teoirim XV

3 Ma’s comhfhada i gceathairshleasan na sleasa ata ar aghaidh a chéile, is parallélogram
an ceathairshleasan.

Ta Fioghair anseo sa LSS, leathanach 45.

Hipotéis:
Sa4-sh ABCD ta AB=CD agustd AC=BD.

Tatall:
Parallélogram is ea ABCD.

Cruthunas:

Cas an ACBD tré 180° timpeall lar CB.

Teaspdinfear go dtuiteann D ar A toisc nach féidir leis dul in it ar bith eile.

Ma thuiteann D ar A;, beidh CD = BA; agus DB = A;C. Ach tugtar AB = CD agus
AC=DB.

. Ta AB = BA; agus AC = A;C ionas gur dh4 thriantdin chémhchosacha iad CAA,
agus BAA; ar an mbonn AA;.

Ma4d’s pointi difritla iad A agus A;, figann sin go gcomhroinneann BC an line AA,,
go h-ingearach (Teoirim IV).

Ach ni féidir é sinmar ta A, A; ar an taobh céanna de BC.

. Ni féidir gur pointi difridla iad A agus A;, ionas go gcuirtear an ACDB anuas ar
ABAC de bharr a chasta tré 180° timpeall M.

= Parallélogram is ea ABCD (Teoirim XIV).

30s co6ir 222 in dteacha eile
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Theorem 15. If the opposite sides of a quadrilateral are the same length, then the quadri-
lateral is a parallelogram.

Hypothesis:
In the quadrilateral ABCD we have AB=CD and AC = BD.

Conclusion:
ABCDisa/’/.

Proof:

Rotate the ACBD through 180° about the centre of CB.

We will show that D lands on A because it could not go anywhere else.

If D were to land on A;, then CD = BA; and DB = A, C. But we are given that AB =
CD and AC = DB.

. AB=BAjand AC = A;Cso that CAA; and BAA, are two isosceles triangles on the
base AA;.

If Aand A, are different points, it follows that BC bisects the line AA;, at right angles
(Theorem 4).

But that cannot occur, because A, A; are on the same side of BC.

.. It cannt happen that A and A; are different points, and so the ACDB is placed on
ABAC by the rotation through180° about M.

. ABCD is a parallelogram (Theorem 14).
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CAIBIDIL 4. AISTRIU AN PHLANA. PARALLEILEACHT

Tosach leathanach 46 sa LSS.

Cleachtaithe

1.

Ma t4 uille pharallélograim ina dronuillinn, cruthuigh gur dronuilleacha iad na
h-uilleacha uilig.

Tugtar dronuille6g ar an gcinedl parallélograim sin.

. Ma té na sleasa go léir i bparallélogram c6mhfhada le chéile deimhnigh gur aisi

suiméitreachta iad an d4 threasndin agus go bhfuil na treasndin ingearach le chéile.

[ Rhombus is ea an /7/sa gcas sin. Md’s dronuilleog agus rhombus an /7, tugtar
cearnog air. |

. O dhé phointe P,Q ar dhronline ¢ tarraingitear ingir PX agus QY ar dronline phar-

allélaigh m. Cruthaigh (i) go bhfuil PX = QY, (ii) mé’s pointi ar bith iad L, M ar ¢
agus m, go bhfuil LM nios faide nd PX, mura bhfuil LM 1 le m.

Sa gceathairshleasdn ABCD comhroinneann na treasndin a chéile. Cruthaigh gur
/[7é ABCD.

. I gceathairshleasdn ABCD is c6mhéid do na h-uilleacha ata ar aghaidh a chéile.

Cruthaigh gur /7¢é ABCD.

[Lide: Cuimhnigh gurb ionann suim na gceithre n-uilleann agus ceithre dronuill-
eacha.]

Is comhthada na h-ingir 6 phointe P ar dhd dhronline || le ¢ agus m. Cruthaigh go
gcomhroinneann P treasnai ar bith tré P.

Sa /7 ABCD siad AX,CY na h-ingir ar an treasndn BD 6 A agus C. Cruthaigh
AX=CY.

(i) I dtriantdn dronuilleach teaspdin gur uilleacha cémhliontacha iad an d4 uillinn
eile.

(ii) I dtriantdcémhchosach dirithe is ionann leath na stuac-uilleann agus trian
de gach bhonnuillinn. Aireamh na h-uilleacha go léir, agus linigh triantdn den
chinedl sin le compads agus riail.

. I ngach rhombus c6mhroinneann na treasndin na h-uilleacha a ngabhann siad

triothu.
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10.

11.

CAIBIDIL 4. AISTRIU AN PHLANA. PARALLEILEACHT

Tosach leathanach 47 sa LSS.

I gciorcail chothroma (a) gearrann uilleacha comhionanna ag na ldir stuanna cé6mhfhada
ar na h-imlinte, agus a choinvéarsa sin, (b) gabhann stuanna cémhfhada de na h-
imlinte uilleacha cothoma ag an lar.

[Lide: an t-aistriti a leagas lar ciorcail acu ar lar an chiorcail chothroim eile a bhre-
ithnia , agus Teoirim III a Gsaid.]

Mad’s comhfhada treasndin pharallélograim, teaspdin gur aisi suiméitreachta annlinte
ceangail lar na slios até ar aghaidh a chéile; agus d’a bhri sin gur dronuilleog i an
L7

Exercises

1.

If one angle in a parallelogram is a right angle, prove that all the angles are right
angles.

That kind of parallelogram is called a rectangle.

. Ifall the sides of a parallelogram have the same length prove that the diagonals are

axes of symmetry and that the diagonals are perpendicular to one another.

[The /7is a rhombus in that case. If a /7is a rectangle and a rhombus, it is called a
square. |

. From two points P,Q on a straight line ¢ drop perpendiculars PX and QY on a

parallel straight line m. Prove (i) that PX = QY, (ii) if L, M are any points at all on
¢ and m, then LM is longer than PX, unless LM L le m.

In the quadrilateral ABCD the diagonals bisect one another. Prove that ABCD is
al’/.

. In a quadrilateral ABCD the opposite angles are equal. Prove that ABCDisa//.

[Hint: Recall that the sum of the four angles equals four right angles. ]

The perpendiculars from a point P on two || le straight lines £ and m are the same
length. Prove that P bisects each transversal through P.

In the /7 ABCD, the lines AXandCY are the perpendiculars on the diagonalBD
from A and C. Prove that AX =CY.

(i) In a right angle triangle show that the other two angles are complementary.

(ii) In a particular isosceles triangle half the apex angle is equal to a third of each
base angle. Calculate all the angles, and draw such a triangle using ruler and com-
pass.

. In each rhombus the diagonals bisect the angles they pass through.
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10. In equal circles (a) equal angles at the centres cut arcs of equal length on the
perimeters, and conversely to that, (b) arcs of equal length on the perimeters sub-
tend equal angles at the centres.

[Hint: consider the translation that moves the centre of one circle to the centre of
the other, and use Theorem 3.]

11. If a parallelogram has diagonals of equal length, show that the lines joining the
centres of opposite sides are axes of symmetry; and hence that the /7 is a rectangle.

Baintear leas as cheist 10 thuas chun na ceisteanna seo a réiteach le compas agus
riail:

Ceist I
Ag pointe P ar dhronline 4irithe ¢, tarraing an dronline a ghnios uille dirithe leithi.
Ta Fioghair anseo sa LSS, leathanach 47.

Abair gurb 1 ZXOY an uille airithe a tugtar.

Réiteach:

Tarraing © ar bith gurb é O a lar a ghearas géaga na h-uilleann in X agus Y, abair.

Tarraing © cothrom ar lar d6 P agus tabhair A ar phointe den dé& phointe ina ngear-
rann sé /. Tarraing © eile ar lar d6 A gurb é fad an chérda XY a ga, a ghearas an © eile in
B agus C.

'Si PB (n6 PC) an dronline a fheileas.

Cruthtnas:
De réir na tégdla, cordai comhfhada i gciorcail chothroma is ea XY agus AB.
. T4 XOY = APB.
[Mar an gcéanna ta APC = XOY freisin.]

You can use question 10 above to solve the following problems with ruler and com-
pass:

Question I

At a point P on a certain straight line ¢, draw the straight line that makes a particular
angle with it.
Suppose the given angle is ZXOY.

Solution:

Draw any © with centre O that cuts the arms of the angle at X and Y, say.

Draw an equal ® with centre P and denote by A one of the two points in which it cuts
¢. Draw another © with centre A having the length of the chord XY as radius, cutting
the other © at B and C.

Then PB (or PC) is the straight line that meets the case.
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Proof:
By construction, XY and AB are equal-length chords in a circle..
. XOY = APB.
[Similarly APC = XOY as well.]
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Tosach leathanach 48 sa LSS.

Ceist 2

Tré pointe dirithe P, tarraing an dronline a bheas parallélach le dronline dirithe ¢.

Ta Fioghair anseo sa LSS, leathanach 48.

Réiteach:

Tég pointe ar bith X san dronline ¢ agus ceangail XP. Aimsigh (mar a rinneadh i
gceist 1 é) an dronline tré P a ghnios an uille & le PX, ach ni mér an dronline sin den
péire a thoghadh ionas gur uilleacha altéarnachaiad an d4 uillinn chothroma.

De réir Teoirme X ta ZP| le ¢.

Téarmai

Tugtar poligon ar an fhioghair iata a gintear le dronlinte. Is pentagén é ma ta cuig sleasa
ann, agus hexag6n ma ta sé sleasa ann.

Poligén rialta a tugtar ar an bpoligon, md’s comhfhada na sleasa go 1éir agus ma’s
c6mhméad do na h-uilleacha go 1€ir.

Question 2

Through a given point P, draw the straight line that is parallel to a given line ¢.

Solution:

Select any point X on the straight line ¢ and join X P. Find (as was done in Question
1) the straight line through P making the angle & with PX, but be careful to select that
straight line of the pair such that the two equal angles are alternate angles.

By Theorem 10, we have ZP|| to ¢.

Definitions

A polygon is a closed figure make with straight lines. It is a pentagon if it has five sides
and a hexagon if it has six sides.

A polygon is regular if all the sides have the same length and all the angles are of
equal size.

Néta ar uilleacha pholigé6in

I bpoligén ar bith fana n cinn de shleasa, td suim an n-uilleann istigh cothrom le (n —
2)180°, nuair nach uille aisthillteach i uille ar bith diobh.

Ta Fioghair anseo sa LSS, leathanach 48.

Cruthtnas:
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Ma ceanglailtear reanna an pholigéin le pointe ar bith O istigh, gintear n triantain
agus ta 180° i n-uilleacha gach triantdin acu.

Sin 72-180° i n-iomlén, ach ni mér na h-uilleacha ag O (gurb ionann le chéile iad agus
360°) a dhealt uaidh.

:.'Sé (n—2)180° suim na n-uilleann istigh.

A Note on the angles of a polygon

In any polygon having 7 sides, the sum of the interior angles is equal to (7—2)180°, when
none of them is a re-entrant angle.

Proof:

If the vertices of the polygon are joined to any point O inside, then n triangles are
generated with 180° in the angles of each triangle.

That's n-180° altogether, but we have to subtract the angles at O (which together
amount to 360°).

. (n—2)180° is the sum of the interior angles.
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Tosach leathanach 49 sa LSS.

Cleachtaithe

1.

Faigh (i) i gcoir phentagoin, agus (ii) i gcoir hexagoin, suim na n-uillleann istigh.

Mad’s fiogracha rialta iad, faigh méad gach uilleann.

. T4 dh4 uillinn i dtriantdn cothrom (leith ar leith) le dh4 uillinn i dtriantan eile.

Teaspdin gur comhméad den da uillinn eile freisin.

. Nuair castar dronline AB tré 180° timpeall pointe O amuigh, leagtar AB anuas go

cruinn ar A; B;. Cruthaigh (i) go bhfuil B; A, || le AB agus (ii) go bhfuil AB; = agus
|| le B Al.

Sa triantan ABC ’siad L, M l4ir na slios AB agus AC, agus castar an AALM tré 180°
timpeall M go leagtar aran ACNM é.

Cruthaigh (i) go bhfuil CN = agus || le BL; (ii) go bhfuil LM|| le BC agus = 1BC.
Tré L lar an tsleasa AB sa triantan ABC, tarraingitear dronline atd || le BC agus is
in M a ghearas si AC.

De bharr an AALM a chasadh tré 180° timpeall L, cruthuigh go gcémhroinneann
LM an slios AC freisin.

Pointiis ea A, B ar an taobh céanna de dhronline dirithe ¢, agus sé X larna dronline
AB. Teaspdin go bhfuil an t-ingear 6 X ar ¢ cothrom le leath-suim na n-ingear 6 A
agus B uirthi.

Sa bparallélogram ABCD ’siad E, F lair na slios AD is BC. Teagmhaionn BE agus
DF leis an treasndn AC sna pointi X agus Y.

De bharr chasta timpeall 1dir AC cruthuigh go bhfuil DF| le EB

Teaspdin freisin go bhfuil AX = XY = YC.

Sa gceathairshleasan ABCD, td AB agus DC parallélach, gan a bheith comhfhada,
agus td AD is BC comhfhada, gan a bheith parallélach.

Cruthaigh go bhfuil D = €, agus A = B.
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10.

11.

12.

Tosach leathanach 50 sa LSS.

. Nuair a sintear slios triantdin mé td comhroinnteoir na huilleann amuigh par-

allélach leis an slios atd 6scéir na huilleann, teaspéin gur triantdn cébmhchosach

2

é.

Sa AABC teagmhaionn comhroinntedir na huilleann A leis an mbonn BC in X,
agus pointi ar na sleasa AB is ACis ea Y agus X ionnus gur /7 é AY X Z.
Cruthaigh (i) gur rhombus é AY X Z, agus (ii) go bhfuil ZY|| le BC.

Sa AABC lér an t-sleasa BC is ea M agus ’sé an cinedl triantdin é ABC go bhfuil
MB=MA=MC.

Cruthaigh gur triantén dronuilleach é ABC.

Pointe is ea P idir dha dhronline theagmhdlacha ¢, m. Minigh cé’'n chaoi ina dtar-

raingitear dronline tré P a ghearas ¢, m sna pointi X agus Y, ionnus go mbeidh
PX =PY.

[Lide: an thioghair a chasadh tré 180° timpeall P.]

Exercises

1.

Find (i) for a pentagon, and (ii) for a hexagon, the sum of the interior angles.

If they are regular figures, find the size of each angle.

. Two angles in a triangle are pairwise equal to two angles in another triangle. Show

that the two other angles also have the same size.

. When a straight line AB is rotated through 180° about a point O outside it, AB

ends up exactly on A; B;. Prove (i) B; A;|| to AB and (ii) AB; = and || to BA;.

In the triangle ABC the points L, M are the centres of the sides AB and AC, and the
AALM is rotated through 180° around M and ends up on the ACNM.

Prove (i) that CN = and || to BL; (ii) that LM|| to BC and = }BC.

Through L, the centre of the side AB in the triangle ABC, a straight line is drawn
thatis || to BC and cuts AC at M.

By rotating the AALM through 180° about L, prove that LM bisects the side AC as

well.

A, B are points on the same side of a certain straight line ¢, and X is the centre of
the straight line AB. Show that the perpendicular from X on ¢ is equal to half the
sum of the perpendiculars from A and B on it.
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10.

11.

12.

CAIBIDIL 4. AISTRIU AN PHLANA. PARALLEILEACHT

. In the parallelogram ABCD, E and F are the centres of the sides AD and BC. BE

and DF imeet the diagonal AC at the points X and Y.
By using a rotation about the centre of AC prove that DF|| to EB
Show also that AX = XY =YC.

. In the quadrilateral ABCD, AB and DC are parallel, but are not the same length,

and AD and BC are the same length, but are not parallel.
Prove that D= C, and A = B.

If when a side of a triangle is extended the bisector of the outside angle is parallel
to the side opposite the angle, show that the triangle is isosceles.

In the AABC the bisector of the angle A meets the base BC at X, and Y and X are
points on the sides AB and AC such that AY XZisa //.

Prove (i) that AY X7 is arhombus, and (ii) that ZY| to BC.

In the AABC the centre of the side BC is M and ABC is a triangle such that MB =
MA=MC.

Prove that ABC is a right-angle triangle.

P is a point between intersecting straight lines ¢, m. Explain how you would draw
a straight line through P that cuts ¢, m in the points X and Y, such that PX = PY.
[Hint: rotate the figure through 180° around P.]

4,10 Teoirmi Breise

4,11 TeoirimA

Ma ghearrann tri dronlinte parallélacha (n6 tuille) mireanna comhfthada ar threasnai
amhdin, is mireanna c6mhfthada a ghearas siad ar gach treasnai eile freisin.

T4 Fioghair anseo sa LSS, leathanach 50.

Hipotéis:
T4 AD,BE,CF| le chéile, agus t4 AB = BC.

Tatall:
Ta DE = EF.
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Tosach leathanach 51 sa LSS.

Togail:
Tarraing tré B an line XBY até | le DF.
Cruthunas:
M4 castar an ABAX tré 180° timpeall B, cuirtear BA ar BC agus leagfar AX ar an
bparalléil CY.
Ach is fan na line BY a cuirtear BX.
. Tuiteann X ar Y, agus td BX = BY.
Ach td BX = ED de bhri gur /7é XDEB; mar an gcéanna td BY = EF.
Féagann sin go bhfuil DE = EF. O

4,12 Extra Theorems

Theorem A. If three (or more) parallel lines cut equal sections on any transversal, then
they cut equal sections on any other transversal as well.

Hypothesis:
AD,BE,CF are || to one another, and AB = BC.

Conclusion:
DE =EF.

Construction:
Through B draw the line XBY || to DF.

Proof:

If the ABAX is rotated through 180° around B, BAis laid on BC and AX is placed on
the parallel CY.

But BX is placed along the line BY'.

. Xmovesto Y,and BX = BY.
But BX = ED since XDEB is a /7; Similarly, BY = EF.

It follows that DE = EF. O



i e T B pnin e i g Nt M o il G ——

51

9 "

Tg—gﬂ_a_l— Al Tortarg e B on Lie XBY ata” )4 OF,
b
M Caslor am A BAXAE /80° e foalll B, cuirtear Ba ar BC
fgeo Leagar AKX fomt am Afarallil CY,
M*ﬁnml‘& BY a cuirtear BX.
J«w(c..ﬂxwy aguo & BX =B
4‘6‘\‘* BA~E0 ok G gor 17 € ADEB ; iy am 9ecinma & BI=EF,
Foigann Ao g0 ARfut DE = _
QEP,
VoG ! 3o cuma w mhian £t [ a Kovpairg il Mfw«, e
a thagaltt oo goach AL Cinm, Learlacha Hoth.

Neta d

Re Harlhe na froime Aeo, wo fElir Mording hesimscatti AB |
R Voanl 1 N Torathosta Aot 2o a Llares
. Taran, dorlie eihe A A agur marcall wurhi n Sote
W%/ﬁx:,&h, 7% N - 1
. 'é‘z""j"“"‘ XaBB aguo Al Xy, Xy, Xy, ’GM?M"Q akl |
Nl XuB . Mi0 o Vi, N, .o i, @ 3heortes dant AB, @
Ah=dh=hb=-. %,B.

iﬂ.qﬂna 34.7/6. ; L‘mwm QC&»Y&WMNM
mk@%&ﬁémmkw - .

T‘E-O%B
J. . cantan NMMWMA%@MMM
FASE
s ;f :
Hpollss M@MW&BEWCF a;&m o ehile i 6.
Tolald 'SC AG an mhesrline el
TEiil S A6 gontc K doflo gy ek AG=GK. bimgait CX, B,

bretbirao

Sa Aartar, AKC Laj ra 2lio ACis AK Gen £ G, . Tc CE 4 KC
e an gteenna da AABK & F6 [4 BK,
FeGane e gob 7 € BECK | Qg & suimickpenchi am [ A 08 =406

/. Bearlz, y{% AGO.

Mia O Hola AG=~GK, GCO=OK, L AG=26D.
Mqra.\yw..ﬂ A ec-:zee, cé = 2 6F

G.£0



150 CAIBIDIL 4. AISTRIU AN PHLANA. PARALLEILEACHT

Tosach leathanach 51 sa LSS.

Nota 1

is cuma cé mhéad linte || a tarraingitear, is féidir an teoirim a thagairt do gach tri cinn
leantacha diobh.

Nota 2

De thairbha na teoirme seo, is féidir dronline chuimseach AB a roinnt in n cémhchorda
mar seo a leanas.

Tarraing dronline eile tré A agus marcdil uirthi n comhfhada leantacha AX;, X1 X —
2, X X3,..., Xp_1X5.

Ceangail X,,B agus tré X;, Xo,..., X;,—; tarraing dronlinte atd || le X, B. Md’s in
Y1,Ys,...,Y,_1 a ghearas siad AB, ta

AV, =Y Y, =Y,Y3=---Y,_;B.

Téarma

Tugtar meanline thriantdin ar dhronline a cheanglaios rinn ar bith le lar an t-sleasa 6s a
choir.

Note 1

It doesn’t matter how many | lines are drawn, the theorem may be applied to any three
consecutive lines among them.

Note 2

As a result of this theorem, you can divide an arbitarary straight line AB into n equal
pieces as follows:

Draw another straight line through A and mark on it n consecutive pieces AX;, X; X —
2,X0X3,..., Xpn_1Xp.

Join X,;B and through Xj, X», ..., X;,—; draw straight lines that are || to X,,B. If they
cut ABat Yy,Y,,...,Y,_1, then

AY1=Y1Yo=Y,Y3=---Y,_1B.

Definition

A median of a triangle is a straight line that joins any one of the vertices to the middle of
the side opposite to it.
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4,13 TeoirimB

I dtriantan ar bith linte comhreathacha is ea na meablinte.
Téa Fioghair anseo sa LSS, leathanach 51.
Hipotéis:

Meaénlinte is ea BE agus CF a ghearas a chéile in G.

Tatall:
’Sé AG an medanline eile.

Togail:
Sin AG go dti K ionas go mbeidh AG = GK. Ceangail CK, BK.

Cruthtnas:

Sa triantan AKC lair na slios ACis AK isea F,G. ;. TA GE| le KC.

Mar an gcéanna sa AABK, td FG| le BK.

Féagann sin gur /7€ BGCK, agus 6 suiméitreacht an //t4 DB = DC. .i. Meénline is ea
AGD. O

Theorem B. In any triangle at all the median lines are concurrent.

Hypothesis:
BE and CF are medians that cut each other at G.

Conclusion:
AG is the other median.

Construction:
Extend AG to K so that AG = GK. Join CK, BK.

Proof:
In the triangle AKC the centres of the sides AC and AK are F,G. :. GE| to KC.
Similarly in the AABK, we have FG|| to BK.
It follows that BGCK is a /7, and by the symmetry of the /7we have DB = DC. .i.
AGD is a median. O

Atora
O tharla AG = GK, GD = DK, td AG = 2GD. Mar an gcéanna ta BG = 2GE, CG = 2GF.

Tugtar mednlar an triantdin ar an bpointe G.

Corollary. Since AG = GK and GD = DK, we have AG = 2GD. Similarly, BG = 2GE,
CG =2GF.

The point G is called the median of the triangle.
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Caibidil 5
Fairsinge

Tosach leathanach 52 sa LSS.

Area

Nuar a cuirtear gluaiseacht chongrioch (.i. casadh, né scathq, né aistria) i bhfaidhm
ar fhiogair phldnach, fanann méid agus deilbh na fioghaire sin buan; 'sé an t-ionad a
hathraitear. Sa gcaibidil seo teaspdinfear gur féidir an deilbh a chlaochlé gan an méad a
athru.

Tugtar faisinge tfhioghrach iadta ar méad an drompla a thimpeallaios a linte teorann.

Chun fairsinge a mheas ni moér aonad fairsinge a thoghadh i dtosach, agus is lena
chur i gc6imhmeas leis an aonad sin a déantar fairsinge ar bith eile a thomhas.

Nuair ghnimid aonad faide dar rogha dronline (e.g. an t-6rlach, an tslat, an cen-
timéadar, etc) cinneann sé sin aonad fairsinge san am chéanna .i. fairsinge na cearndige
a bhfuil aonad faide i ngach slios di. Ar an gcuma sin freagraionn an t-6rlach cearnach
don 6rlach faide, agus freagraionn an tslat chearnach don tslait, etc.

When a congruent (isometric) movement (.i. a rotation, or a reflection, or a transla-
tion) is applied to a planar figure the size and shape of the figure remain constant; only
its position is changed. In this chapter it will be shown that the shape can be changed
without altering the size.

The area of a bounded figure is the name given to the size of the surface enclosed by
the boundary lines.

To evaluate area we have to choose a unit of area first of all, and then by comparing
with that unit we proceed to measure any other area.

When we choose a unit of length (e.g. the inch, the yard, the centimeter, etc) that
determines a unit of area at the same time .i. the area of the square having one unit of
length on each side. In that way the square inch corresponds to the inch of length, the
square yard to the yard, etc.
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5.1 Fairsinge Dhronuilleoige

Tég dronuilleég ar bith ABCD agus cuir i gcds go bhfuil comhmbhiosur ag na sleasa AB
agus AD .i. go bhfuil fad éigin ann (a toghfar mar aonad faide) gurb ionann slanuimhir
p diobh as a chéile agus an slios AB, agus go bhfuil sldanuimhir eile g diobh as a chéile
cémhfhadale AD. Saléardid thiostd p =5, g = 3.

Ta Fioghair anseo sa LSS, leathanach 52.

Roinn AB ina 5 cémhchoda, agus tarraing linte | le AU.
Roinn AD ina 3 chomhchoda agus tarraing linte || le AB.
Is soiléir gur cearn6g é AXW'Y, agus guri féidir é a chur

Tosach leathanach 53 sa LSS.

anuas go cruinn (le haistria ) ar gach aon chearnéig de na 5 x 3 comhchoda ina
ngeartar an dronuille6g ABCD.

Ma glactar le AX mar aonad faide, ionas gurb iad p agus q faid na slios AB, AD,
agus ma glactar leis an aonad fairsinge a fhreagraios do AX .i. an chearn6g AXWY, is
follasach go bhfuil p x g aonaid fhairsinge san dronuilleo6ig.

. Ta

fairsinge dhronuillebige = fad x leithead,

nuair a fhreagraios na h-aonaid faide agus fairsinge d’a chéile.

5.2 The Area of a Rectangle

Take any rectangle at all ABCD and suppose that the sides AB agus AD are commensu-
rate .i. that there is some length (that shall be chosen as a unit of length), some whole
number p of which together have the same length as AB, and some other whole number
g of which together have the same length as AD. In the diagram below (MSS p52), we
have p =5, g =3.

Divide AB in 5 equal pieces, and draw lines || to AU.

Divide AD in 3 equal pieces and draw lines | to AB.

It is clear that AXWY is a square, and that it may be laid down exactly (by a transla-
tion) on each individual square of the 5 x 3 equal parts into which the rectangle ABCD
is divided.

If we accept AX as the unit of length, so that p and g are the lengths of the sides
AB, AD, and if we accept the unit of area that corrersponds to AX .i. the square AXWY,
it is obvious that there are p x g units of area in the rectangle.

.. area of a rectangle = length x breadlth,

when the units of length and area correspond to one another.
E.g. (1) M4 ta an dronuille6g 5 6r. ar fad agus 3 6r. ar leithead, 'sé 5 x3 = 13 6r
cearnacha an fhairsinge.
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(2) Ma ’siad 3% Or agus 2% or. an fhad is an leithead, mi miste i or. a thoghadh mar
aonad faife i dtosach, ionnus go bhfuil 14 aonaid diobh sa bhfad agus 11 san leithead.
Féagann sin go bhfuil an fhairsinge = 14 x 11 de na cearndéga ar slios diobh i Or.

Déanann 4 x 4 de na h-aonaid fairsinge sin 1 6r cearnach.

PSR . . 14 x11 1 .
: Ta fairsinge na dronuilleoige = 2 = 35 X 21 Or cear.
X
= Feileann an thormuil fad x leithead don chas.

E.g. (1) If the rectangle is 5 inches long and 3 inches wide, then 5 x 3 = 13 square
inches is the area.

(2) If 33 in. and 22 in. are the length and width, we have to choose 1 in. as unit of
length to start with, so that there are 14 of these units in the length and 11 in the width.

It follows that the area = 14 x 11 of the squares having side i in.

4 x 4 of those units make 1 square in.
14 x11 1 3.
= 35 X 21 in. squared.
X
.. The formula length x width agrees with the case.

= The area of the rectangle =

5.3 Fairsinge Parallélograim

Téarmai

Nimiste an bonn a thabhairt ar shlios ar bith de shleasa an /7. De bhri go bhfuil an slios
ata 6s a chadir parallélach leis, is comhfhada na h-ingir go 1€éir a tarraingitear go dti an
bonn 6 phointi an tsleasa atd ar a aghaidh. Airde an pharallélograim a tugtar ar ingear
ar bith acu.

Ma tégtar dhd /7 fa'n airde chéanna ar aon bhonn amhdin, is soiléir go mbeidh na
sleasa atd 6s coir an bhoinn in aon dronline amhdin, agus i | leis an mbonn. Is ar an
dbhar sin a tugtar /7 idir na paralléli céanna ar dha/7 den chinedl sin.

Tugtar aoirde thriantdin ar an ingear 6n stuach ar an mbonn.

5.4 The Area of a Parallelogram

Definitions

You are free to call any side of a parallelogram the base. Since the opposite side is parallel
to it, all the perpendiculars on the base from points on the opposite side have the same
length. Any one of them is called a height of the parallelogram

If you take two /7 having the same height on a single base it is clear that the sides
opposite the base lie on a single straight line which is || to the base. That is why two such
/7 are called /7 s between the same parallels.

The height of a triangle is the perpendicular from the apex on the base.
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Tosach leathanach 54 sa LSS.

5.5 Teoirim XVI

Parallélogram ch 6mhthairsing is ea parallélograim fa’n aoirde chéanna atéd ar aon bhonn
amhain.

Ta Fioghair anseo sa LSS, leathanach 54.

Hipotéis:
Parallélograim is ea ABCD, ABEF, agus ta CD agus EF in aon dronline amhain.

Tatall:
Ta /7 ABCD comhfhairsing le /7 ABEF.

Cruthtanas:

De bharr an pldna a aistriti 6 A go dti B fan AB, cuirfear AD anuas ar BC, atd = agus
| leis (Caib. 1V).

Mar an gcéanna, cuirfear AF ar BE.

Féagann sin go leagfar an AADF ar an A congruu ach BCE, ionas go bhfuil an da A
sin comhfhairsing.

Ach téd an /7 ABCD = an fhairsinge ABED— fairsinge an ABCE.

Agus td an /7 ABEF = an thairsinge ABED— fairsinge an AADF.

D4 bhri sin td an d4 /7 ABCD agus ABEF c6mhfhairsing. O

Theorem 16. All parallelograms on the same base and having the same height have the
same area.

Hypothesis:
ABCD, ABEF are parallelograms, and CD and EF ilie in a single straight line.

Conclusion:
The /7 ABCD has the same area as the /7 ABEF.

Proof:

By translating the plane from A to B along AB, AD is placed on BC, which is = agus
| to it (Chapter 4).

Similarly, AF may be placed on BE.

It follows that the AADF is laid on the congruent A BCE, so that those two As have
the same area.

But /7 ABCD = the area of ABED— the area of ABCE.

And /7 ABEF = the area of ABED- the area of AADF.

Therefore the two /7 ABCD and ABEF have the same area. O
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Atoral
T4 fairsinge /7 = bonn x aoirde.

Mar td /7 ABCD = fairsinge na dronuille6ige ABML, ait gurb iad AL is BM na h-ingir 6
Ais B ar anline CD.

Ta Fioghair anseo sa LSS, leathanach 54.

Atora 2

Is co6mhfthairsing dhé /7 a tégtar ar bhoinn chothroma agus iad ar aon aoirde.

Mar déantar Fiogh I (n6 II) diobh nuair leagtar bonn acu ar an mbonn cothrom eile.

Nota

Mé’s carta é ABCD (Fiog]) is soiléir gur iféidir deilbh an /7 ABEF a chur air, lena ghear-
adh fan AF agus an AAFD a aistria .

Téa Fioghair anseo sa LSS, leathanach 54, ag bun.

Déanfaidh gearadh ar bith, idir AB is CD, atd || le AF cuis chuige. I bhFiog.Il, teastai
onn dhd ghearadh (ar a laghad); viz. fan nalinte || AXis Y Z.

Corollary 1. Area of /7 = base x height.

For /7 ABCD = area of the rectangle ABML, where AL and BM are the perpendiculars
from A and B on the line CD.

Corollary 2. Two /7 constructed on equal bases and of equal height have the same area.

For they become Figure I (or II) when one of the bases is laid on the other equal base.

Note

If ABCD (Fig]) is a card, it is clearly possible to put impose the shape of the /7 ABEF on
it, by cutting it along AF and translating the AAFD.

Any cut at all between AB and CD, that is || to AF would do for this. In Fig II it needs
two cuts (at least); viz. along the lines AX and Y Z.
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Tosach leathanach 55 sa LSS.

5.6 Teoirim XVII

Isionann fairsinge thriantain agus leath-fhairsinge pharallélograim ar bith a tétar ar an
mbonn céanna agus é ar aoun airde leis an triantan.

T4 Fioghair anseo sa LSS, leathanach 55.

Togail:

Tarraing tré C agus Alinte a bhéas || le BAis BC, ionnus gur /7 é BCDA.

Ma 'sé AX an t-ingear 6 A ar BC, is soiléir grub é AX airde an /7 BCDA, is airde an
AABC. Faigh M lar an tsleasa AC.

Cruthtnas:

Le casadh an phlédna tré 180° timpeall M, cuirtear an AABC ar an A concriach CDA
(Caib. IV), ionas go bhfuil an d4 A sin cémhfthairsing.

Fagann sin A ABC = }/7BCDA, gurb ionann € maidir le fairsinge agus /7 ar bith eile
a tégtar ar BC fad'n airde AX.

Theorem 17. The area of a triangle is half the area of any parallelogram constructed on
the same base and having bthe same height as the triangle.

Construction:
Through C and A draw lines || to BA and BC, so that BCDAisa//.

If AX is the perpendicular from Aon BC, itis clear that AX isa height ofthe -7 BCDA,
and the height of ABC. Find M, the centre of the side AC.

Proof:

When the plane is rotated through 180° about M, the AABC is placed on the congru-
ent A CDA (Chapter 4), so those two A have the same area.

Thus A ABC = 1/7 BCDA, which has the same area as any other /7 constructed on
the base BC with height AX.

Atoral

T4 fairsinge A = {(bonn x aoirde).

Atora 2

Is comhfhairsing dhd A fé’n airde chéanna ata ar aon bhonn amhdin (n6 ata ar bhoinn
chémhfhada).



162 CAIBIDIL 5. FAIRSINGE

Atora 3

Ma ta triantdin ch6émhfthairsinge ar bhoinn chémhthada, taid ar aon aoirde; agus ma
ta triantdin ch6mhthairsinge ar comhairde taid ar bhoinn ch6mhthada.

Corollary 1. The area of A = 1( base x height).

Corollary 2. Two A that have the same height and are on the same base (or are on bases
of equal length) have the same area.

Corollary 3. Iftriangles have the same area and are on equally-long bases, then they have
the same height; and if equal-area triangles have the same height, then their bases have
the same length.

Notal

Triantan a aithdhealbh ina pharallélogram (agus vice versa).
Ta Fioghair anseo sa LSS, leathanach 55.
Ma 'siad M, N lair naslios AC,AB sa triantdn, gearr an A fan NM agus cas an piosa AMN

tré 180° timpeall M.
[Fagtar d&’n 1éitheoir a chrutht gur £7é BCLN.

Note 1

To reshape a triangle as a parallelogram (and vice versa).

If M, N are the centres of the sides AC,AB in the triangle, cut the A along N M and rotate
the piece AM N through 180° around M.
[We leave it to the reader to prove that BCLN isa //.]
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Tosach leathanach 56 sa LSS.

Nota 2

Triantdn ABC a aithdhealbh ina thriantén eile at4 ar an mbonn céanna (agus, da bhri
sin, ata ar aon airde leis).

Ta Fioghair anseo sa LSS, leathanach 56.

Abair gurb iad M, N ldir na slios AC, AB. Sleamhnuigh bonn an triantdin eile ar BC chun
go dtéighe an slios DE tré M.

Abair gurb é P lar DF.

Tugtar dainn EF = BC, AD| le BC.

Réiteach:

T4 NM = {BC agus || le BC (Caib. IV), agus mar an gcéanna td4 MP = {EF agus
II'le EF.

Fégann sin MN = MP, agus aon dronline amhdin is ea NMP. : T4 NP = agus
| le BC, ionas go bhfuil BN =agus || le CP, agus mar an gcéanna td EN = agus || le FP.

M4 gearrtar an AABC fan EM agus EN, cuirfear BEN ar CFP le haistria , agus cuir-
fear ANEM ar CPDM le casadh tré 180° timpeall M

Note 2

To reshape a triangle ABC into another triangle' that is on the same base (and that,
hence, has the same height as it).

Suppose that M, N are the centres of the sides AC, AB. Slide the base of the other triangle
on BC until the side DE passes through M.

Suppose that P is the centre of DF.

We are given that EF = BC, AD| to BC.

Solution:

We have NM = 1BC and || to BC (Chapter 4), and similarly MP = {EF and || to EF.

It follows that MN = M P, and NMP is a single straight line. .. NP = and || to BC, so
that BN =and || to CP, and similarly EN = and || to FP.

If we cut the AABC along EM and EN, then BEN may be placed on CFP by a trans-
lation, and ANEM may be placed on CPDM by a rotation through 180° about M.

IADEF, given, on an equal base (AOF)
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Cleachtaithe

1. Md haistritear A ABC go dti an t-ionad A, B; C;, teaspdin (a) gur /7 a ghineas gach
slios san imtheacht dé ; (b) go bhfuil dhé /7 acu le chéile comhfhairsing leis an trit
ceann.

2. Pointe is ea X ar shlios CD na dronuilleige ABCD, agus 'sé BY an t-ingear 6 B ar
AX. Cruthuigh AB-AD = AX-BY.

3. Faigh aoirde an /7 gur bonn d6 2" is go bhfuil 3 or. cear. ina fthairsinge. M4 t4 an
slios eile 3" ar fad, linigh an /7 agus tomhas na huilleacha.

Tosach leathanach 57 sa LSS.

4. Sa A ABC, ’sé M lar an bhoinn BC. Cruthuigh go bhfuil fairsinge an A AMB =
1AABC.
2

5. Sa/7 ABCD pointe an anslios CD is ea P. Teaspdin go bhfuil fairsinge an A PAB =
1/7 ABCD.

6. Pointiis ea P, Q ar shleasa AB, AC an AABC i gcaoi go bhfuil PQ| le BC. Cruthaigh
(i) fairsinge APQB = fairsinge APQC; (ii) fairsinge AAQB = fairsinge AAPC.

7. Triantdin chémhfhairsinge is ea ABC, DBC, ceann acu ar gach taobh den bhonn
BC.’Siad AX, DY nah-ingir 6 Ais D ar BC, agus gearrann AD is BC in X
Cruthaigh (i) AX = DY; (ii) go bhfuil AAZ X agus ADZY congruiach; (iii) go bhfuil
AZ=7D.

8. I dtriantan ABC is iad M, N l4ir na slios AB, AC, agus pointe ar bith in M N is ea
P. Tarraing dronline tréC atd|| le BP a ghearras M N in Q. Cruthuigh go bhfuil an
A ABC cémhfhairsing leis an /7 BCQP

Ar bhonn triantdin ar bith t6g /7 a bheas comhfhairsing leis an triantén, agus uil-
leann a bheith cothrom le h-uillinn airithe.

9. Igceist8, mata P idir M agus N, agus ma gearrtar an A fan M N agus BP, teaspdin
gur féidir an £ BCQP a dhealbhd leis.

Téarma

Tugtar trapésium ar ceathairshleasdn ina bhfuil dh4 slios || le chéile.
10. ’Sé P lar an tsleasa BC sa trapésium ABCD, agustd XPY || le AD.

T4 Fioghair anseo sa LSS, leathanach 57.

Cruthaigh (i) go bhfuil ABCD cémbhfhairsingleis an /7 AXY D; (ii) M4 theagmhaionn
DP le AB in Z, go bhfuil ABCD cémbhfhairsing leis an A DAZ; (iii) de bhri gurb é
AB+ DC bonn an A DAZ, cruthuigh:=

fairsinge trapésium = 1 (suim na slios ||) x (an airde ingearach eatorru).
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Exercises

1.

10.

If the A ABC is translated to the position A; B; C1, show (a) that each side generates
a /7 as it moves; (b) that two of those /7 s together have the same area as the thrid
one.

X is a point on the side CD of the rectangle ABCD, and BY is the perpendicular
from B on AX. Prove that AB- AD = AX-BY.

. Find the height of the /7 which has base 2" and area 3 inches squared. If the other

side is 3" long, draw the /7 and measure the angles.

. Inthe A ABC, the point M is the centre of the base BC. Prove that the area of the

A AMB = JAABC.

. In the /7 ABCD the point P is on the side CD. Show that the area of A PAB =

1/7 ABCD.

P, Q are points on the sides AB, AC of the AABC such that PQ]| le BC. Prove (i)
area APQB = area APQC; (ii) area AAQB = area AAPC.

The triangles ABC, DBC have the same area, and one of them lies on each side of
the base BC. The perpendiculars from A and D on BC are AXandDY, and AD
and BC meet at X

Prove (i) AX = DY; (ii) that AAZX and ADZY are congruent; (iii) that AZ = ZD.

. In atriangle ABC the points M, N are the centres of the sides AB, AC, and P is any

point at all in M N. Draw a straight line through C that s || to BP and cuts M N at
Q. Prove that A ABC has the same area the /7 BCQP.

On the base of any triangle construct a /7 that will have the same area as the trian-
gle and that has an angle equal to a given angle.

. In question 8, if P is between M and N, and if the A is cut along M N and BP, show

that it is possible to construct the /7 BCQP with it.

Definition

A trapezium is a quadrilateral having two sides || to one another.

P is the centre of the side BC in the trapezium ABCD, and XPY| to AD. Prove
(1) that ABCD has the same area as the /7 AXY D; (ii) if DP meets AB at Z, that
ABCD has the same area as the A DAZ; (iii) using the fact that AB+ DC is the base
ofthe A DAZ, prove:—

Area of a trapezium = }(sum of the || sides) x (the perpendicular distance between
them).
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Tosach leathanach 58 sa LSS.

Ceist 1
Parallélogram a th6géil a bhéas comhfthairsing le ceathairshleasan a tugtar.

Ta Fioghair anseo sa LSS, leathanach 58.

Abair gurb é ABCD an 4-shleasdn, agus gurb iad L, M, N 1air na slios.

Réiteach:
Tré C tarraing CR|| le AD? agus tarraing CQ|| le AB3. Ceangail QR.
Parallélogram a fheileas is ea LQRP.

Cruthanas:
/

_/is ea ACRP atd comhthairsing leis an A DAC (Teoirim XIV, n6ta 1).

Mar ac gcéanna //is ea ACQL ata comhfhairsing leis an A BAC.

.. T& ABCD cémhthairsing le suim an d4a /7 ACRP agus ACQL.

Ach, 6 thédla AP = agus || le CR, agus 6 théarla AL = agus || le CQ, leagtar an A APL ar
an A CRQ le haistrit fan AC.

Fégann sin:=

(i) go bhfuil RQ = agus || le PL, ionas gur /7 é LQRP;

(ii) go bhfuil an /7 LQRP = suim an d4 /7 ACRP is ACQL = an 4-shleasan ABCD.

Question 1

To construct a parallogram that has the same area as a given quadrilateral.
Suppose ABCD is the quadrilateral, and that L, M, N are the centres of the sides.

Solution:
Through C draw CR| to AD* and draw CQ|| to AB®. Join QR.
A parallelogram that meets the case is LQRP.

Proof:

ACRP is a /7 that has the same area as the A DAC (Theorem 14, Note 1).

Similarly, ACQL is a /7 that has the same area as the A BAC.

. ABCD has the same area as the sum of the two /7 ACRP and ACQL.

But, since AP = and || to CR, agus 6 tharla AL = agus || le CQ, the translation along
AC lays the A APL on the A CRQ.

It follows:—

2ag teaghmbhdil le PN ag R (AOF)
3ag teaghmhail le LM ag Q (AOF)
“meeting PN at R
Smeeting LM at Q
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(i) that RQ = and || to PL, so that LQRPisa//;
(ii) that the /7 LQRP = sum of the two /7 ACRP and ACQL = the quadrilateral ABCD.

Atora

T4 fairsinge 4-shleasdin ar bith cothrom le leath an /7 go bhfuil a shleasa comhfhada
agus paralléileach le treasndin an 4-shleasain.

Mar t4 PR = agus || le AC, PL|| le BD agus = }BD.

Corollary. The area of any quadrilateral is equal to half the /7 that has its sides the same
length and parallel to the diagonals of the quadrilateral.

For we have PR = and || to AC, PL| to BD and = }BD.
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Tosach leathanach 59 sa LSS.

Ceist 2

Triantén a th6géil ar shlios cheathairshleasdin a bheas comhfhairsing leis an gceathair-
shleasan féin.

Ta Fioghair anseo sa LSS, leathanach 59.

Abair gurb é ABCD an 4-shleasédn a tugtar.

Réiteach:

Chun A ar AB a thogadil tarraing tré C parallél le BD, a ghearras sineadh AD in X,
abair. Ceangail BX.

T4 an A ABX cémhfthairsingle ABCD.

Cruthanas:

O tharla XC|| le BD, triantan fa’'n airde chéanna atd ar aon bhonn améin DB, is ea
an A XDB agus an A CDB.

» Taanda A XDB is CDB comhthairsing (Teoirim XVI).
De bharr fairsinge an AD AB a shuimit leo, gheofar

AXAB=ADAB+ ACDB = an 4-shleasan ABCD.

Question 2

To construct a triangle on one side of a quadrilateral that will have the same area as the
quadrilateral itself.

Suppose that ABCD is the given quadrilateral.

Solution:

To construct a A on AB draw a straight line through C parallel to BD, cutting AD at
X, say. Join BX.

The A ABX has the same area as ABCD.

Proof:

Since XCJ|| to BD, the triangles A XDB and A CDB have the same height and are on
the same base DB.

;. A XDB and CDB have the same area (Theorem 16).
By adding the area of the AD AB to them, we get

AXAB =ADAB+ ACDB = the quadrilateral ABCD.



8)  Torrany Aar AB a bheas comhffairming o b ohlecans
ABCL cgun a 1rbesth wnlle @na tothrom Lo ABC

9 To3 o AB A thrAchovack a 6{«4% G ABLR
) MA gherrrane, BC o AD L Afoote ) eruchuish go Al
on A BYX= an ACYD < Cn‘;%amﬁ [ Fegh. « gbeot ]

¢) J;/Wi’vf(&‘aﬂ:s ABCO Wlan. L, M N, P Ly nanlic ABBC
LD, LA | aguo Cangatliar /M, LN, LP. Aastar NLPO Ke i80°
bonfsoll N csus Caclar LMB AN /50° ofentt M,

Re Vbopp ALP & aiokiid, fom AC weruthiugh o h_;%«,‘-—(infd

a Uhfed ke Afl s arnn f-u-ﬂ.éfmna.jpwww&ac& lw ra
Atesraan AC, BD.

9 Sa 4.fleacar W8 eD Lywr ne K /494—»&

PL oo AC  aguo GlartCor am 4 -ohlecoar, for PL, VK, MK,
Orohush o fodis A o cheatblc Lecona by fugaal,
n,b? B faor a mta chsir ABCO ¢ Fuat B 2 ghea,ranh,
R ame B XABR o Fhealbhil [ Teoicn TV Hta 2, a “adio ]

Goiot 3 Punllilog . a hEgd il o Ahiorlice Bircche o bhens
W&/‘-ﬂ;ﬂ%fm ele a ALuglar,

Jav.7e

Refiaet, - Ahlizo AR Hp 7 ABCo a Lgloar rorcal AX aQ

= Vs

%»%MM%% Arorlre Qirctte, Foiptom,
’%M’B Favattel b XO o sheartas Aircagth AD o Z
7o an 17 AXYL,MM MM dhé AK«JM{_) a».?(lmﬁ Qnﬁﬁcq
bvitieirac
S& [7 BLAX A& BL= XD, agwo Sa L7 oXMx A4 MA =AD,
Fogann mun Bl = MZX  agu, A& BM =LZ frectin,
6 Mol 2V [l L bl agun [MI CB, cuiGor am & CLB arues go

i O G A YIM &ﬂw‘&-«- B%MM%BM
Wof o §Uapron Leaglar ar & MIB wam 8 LOL Ae Ao avalicihe
6 B soclc L for BL,

AXML_'.ACLO-;\ANJG
[agann aim gurithfol am QMw= AX ML +AYIM A RDL = uqﬁA_xm,



174 CAIBIDIL 5. FAIRSINGE
Cleachtaithe

1. Sa bhFioghairi gceist 1, cruthuigh gur £Z7é¢ LM NP atd = JABCD.

2. Ma gearrtar an 4-shleasdn ABCD fan NP, PL, LM, teaspdin gur féidir an /7 PLQR
a dhealbh leis na 4 piosai.

3. I4-shleasdn ABCD tarraingitear dhd dhronlie tré B agus D atd || leis an treasnan
AC; agus tarraingitear péire eile tré A agus C atd || leis an treasndn BD.

Cruthuigh fan /7 a geintear uatha, (i) go bhfuil sé =2 ABCD ina thairsinge; (ii) gur
féidir ABCD a dhealbhti leis na 4 traintdin ag na coirnéil.

4. I gceathairshleasan ABCD t4 X, lar an treasndin DB taobh istigh den AD AC, agus
'siad N, P lair na slios CD, D A.

Gearrtar an 4-shleasan sin fan NX,DX,PX, AC.

Teaspdin go ngintear /7 leis na 4 piosai nuair castar DP X tré 180° timpeall P, nuair
castar DN X timpeall N, agus nuair a haistritear ABC fan BX.

Tosach leathanach 60 sa LSS.

5. Tarraing A ar AB a bheas comhthairsing le 4-shleasdn ABCD, agus a mbeidh uille
ann cothrom le ABC.

6. Tég ar AB A comhchosach a bheas comhfhairsing le ABCD.

7. Ma ghearrann BC is AD i bpointe Y, cruthuigh go bhfuil an ABY X =an ACYD i
bhfairsinge [Fiogh. i gceist 3 ].

8. Igceathair shleasan ABCD ’siad L, M, N, P lair na slios AB, BC,CD, D A, agus cean-
gailtear LM, LN, LP. Castar NLPD tré 180° timpeall N, agus castar LM B tré 180°
timpeall M.

De bharr ALP a aistrii fan AC cruthuigh go ngintear A a bhfuil dh4 shlios ann
cothrom agus paralléileach leis na treasndin AC, BD.

9. Sa 4-shleasdan ABCD i gceist I, 'sé K pointe teagmhéla PL agus AC, agus gearrtar
an 4-shleasan fan PL, NK, M K. Cruthuigh gur féidir A a dhealbh leis na 4 piosai.

10. Cé’'n chaoi a mba chéir ABCD i gceist II a ghearradh chun an AXAB a dhealbhu
[Teoirim XV nota2, a tisaid].
Exercises
1. In the figure in Question 1, prove that LM NP isa //that = 1 ABCD.
2. If we cut the quadrilateral ABCD along NP, PL, LM, show that it is possible to as-

semble the /7 PLQR with the 4 pieces.
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3. In a quadrilateral ABCD two straight lines are drawn through B and D that are ||
to the diagonal AC; and another pair through A and C that are || to the diagonal
BD.

Prove this about the /7 they generate: (i) that it has twice the area of ABCD; (ii)
that ABCD can be assembled from the four triangles at the corners.

4. In a quadrilateral ABCD the centre X of the diagonal DB is inside the ADAC, and
N, P are the centres of the sides CD, D A.

The quadrilateral is cut along NX, DX, PX, AC.

Show that the 4 pieces make a /7when DPX is rotated through 180° around P,
when DN X is rotated around N, and when ABC is translated along BX.

Tosach leathanach 60 sa LSS.

5. Draw a A on AB that will have the same area as a quadrilateral ABCD, and that
will have an angle equal to ABC.

6. Construct on AB an isosceles A having the same area as ABCD.

7. If BC and AD cut at the point Y, prove that the ABY X = the ACY D in area [Fig. in
Question 3].

8. In a quadrilateral ABCD, L, M, N, P are the centres of the sides AB,BC,CD, DA,
and LM, LN, LP are joined. NLPD is rotated through 180° around N, and LMB s
rotated through 180° around M.

By translating ALP along AC prove that a A is generated that has two of its sides
equal and parallel to the diagonals AC, BD.

9. In the quadrilateral ABCD in Question 1, K is the point where PL meets AC, and
the quadrilateral is cut along PL, NK, M K. Prove that the A can be assembled from
the 4 pieces.

10. How should one cut ABCD in Question 2 in order to assemble the AXAB? [Use
Theorem 15, Note 2]
Ceist 3

Parallélogram a th6gdil ar dhronline dirithe a bheas c6fhairsing le parallélogram eile a
tugtar.

T4 Fioghair anseo sa LSS, leathanach 60.

Réiteach:
Ar shlios AB den /7 ABCD a tugtar, marcdil AX atd comhtfhada leis an dronline
airithe.
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Tarraing tré B paralléil le XD, a ghearras sineadh AD in Z.
Tdan /7 AXY Z, ar sleasa comhgaracha dh6 AX is AZ, comhfhairsing le /7 ABCD.

Cruthunas:

Sa/7/BLDXtaBL=XD,agussa// DXMZta MZ = XD. Fagann sin BL = M Z, agus
td BM = LZ freisin.

OtharlaY Z| le LC agus Y M| le CB, cuirtear an ACLB anuas go cruinnaran AY ZN
le haistriti 6 B go dti M fan BM.

Mar an gcéanna leagtar an AM X B ar an AZDL de bharr aistrithe 6 B go dti L fan BL.

Fégann sin go bhfuil an /7 ABCD = AXML+ACLB+AMXB = AXML+AYZM +
AZDL=an /7 AXY Z.

Question 3

To construct a parallelogram on a given straight line that will have the same area as an-
other given parallelogram.

Solution:

On the side AB of the given /7 ABCD, mark AX having the same length as the given
straight line .

Draw a line through B parallel to X D, cutting the extension of AD at Z.
The /7 AXY Z, on the adjacent sides AX and AZ, has the same area as the /7 ABCD.

Proof:

In the /7 BLDX we have BL = XD, and in the /7 DXMZ we have MZ = XD. It fol-
lows that BL= MZ, and also that BM = LZ.

Since Y Z| to LC and Y M| to CB, the ACLB is laid exactly on the AYZN by the
translation from B to M along BM.

Similarly, the AM X B is laid on the AZDL by translation from B to L along BL.

It follows that the /7 ABCD = AXML+ACLB+AMXB = AXML+AYZM+AZDL =
the 7 AXY Z.
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Tosach leathanach 61 sa LSS.

Téarma

I dtriantdn dronuilleach is é an hipotents an slios ata ar aghaidh na dronuilleann.

5.7 Teoirim XVIII (Teoirim Phutagorais)

Isionann an chearnég ar hipotents thriantéin dronuilligh agus suim na gcearnog ar an
dé shlios eile.

Ta Fioghair anseo sa LSS, leathanach 61.

Hipotéis:
Dronuille is ea Asa A ABC.
Togail:
Ar AB is AC t6g na cearn6ga BALM, ACNP. Déan ME = AC, NF = AB, ionas gur

iad BME agus FNC ionaid an ABAC arna chasadh tré 90° timpeall B agus C. Ceangail
EF AD.

Tétall:
Ta na cearndga ar AB is AC le chéile comhthairsing leis an gcearn6g ar BC.

Cruthunas:

'Sé BE ionad BC arna chasadh tré 90° timpeall B.

:. T4 BE = BC, agus td CBE = 90°.

Mar an gcéanna, t4 CB = CF, agus td BCF =90°.

Féagann sin gurb { BCFE an chearnég ar BC, agus de thairbhe EF = agus || le BC,
ED| le BA, Fd| le CA, tdan ADEF concruach leis an ABAC san aistria 6 B go dti E (n6
,6 CgodtiF).

Is 1éir anois go bhfuil
an chearn6g BCEF = an //BEDA+ an //CFDA
= an cear. BALM + an cear. ACNP (Teoirim XV).

1. Ta BC* = AB* + AC?. O

Definition

In a right-angle triangle the hypotenuse is the side that is opposite the right angle.

Theorem 18 (Pythagoras’ Theorem). The square on the hypotenuse of a right-angle tri-
angle is equal to the sum of the squares on the other two sides.

Hypothesis:
Ais aright angle in the A ABC.
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Construction:

On AB and AC construct the squares BALM, ACNP. Make ME = AC, NF = AB, so
that BME and FNC are the positions of the ABAC after rotation through 90° around B
and C. Join EF, AD.

Conclusion:
The squares on AB and AC together have the same area as the square on BC.

Proof:

BE is the position of BC after rotation through 90° about B.

;. BE=BC, and CBE = 90°.

Similarly, CB = CF, and BCF =90°.

It follows that BCFE is the square on BC, and since EF = and || to BC, ED| to BA,
Fd| to CA, the ADEF is congruent to the ABAC by the translation from B to E (or, from
Cto F).

It is clear now that
the square BCEF = //BEDA+/7CFDA
= the square BALM+ the square ACNP (Theorem 15).

i. BC?> = AB? + AC?. O
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Tosach leathanach 62 sa LSS.

Nota

Mad’s géaruillei Asan A ABC, abair gurb iad BY is CZ na hingir 6 B is C ar na sleasa CA
agus AB.

Ta Fioghair anseo sa LSS, leathanach 62.

Ma ’siad BME agus CNF ionaid na dtriantdin dronuilleach BYC agus CXB arna
gcasadh tré 90° timpeall B agus C leith ar leith, gheofar amach go bhfuil
BC*=BAxBY +CAxCX =BA*+CA*-21.

Féagann sin go bhfuil BC? nios Iti nd AB? + AC? sa gcés sin.

Maé’s maoluillei A, afach, is amhlai go bhfuil BC? nios m6 na AB? + AC?.

t=AY-AB=AX-AC.

Note

If Ais an acute anglein the A ABC, suppose BY and CZ are the perpendiculars from B
and C on the sides CA and AB.

If BME and CNF are the positions of the right-angle triangles BY C and CXB after a
rotation through 90° aroundl B and C, respectively, it will be found that
BC?=BAxBY +CAxCX =BA*+CA*-2rt.
It follows that BC? is smaller than AB? + AC? in that case.
If Ais an obtuse angle, however, it turns out that BC?is greater than AB? + AC2.
t=AY-AB=AX-AC.
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5.7. TEOIRIM XVIII (TEOIRIM PHUTAGORAIS) 183

Cleachtaithe

1.

10.

I gceist 3, teaspdin gur féidir an /7 AXY Z a dhealbht 6’'n /7 ABCD arna ghearadh
i dtri piosai . Leis na piosai sin dealbhuigh /7 an an mbonn BL freisin.

. I'gceist 2 ma teagmhaionn AD is BC le chéile in L, cruthuigh go bhfuilan ABZ X =

AZDC.

Minigh cé’n chaoi ina dtarraingitear dronline tré hointe ar bith B i slios ZC an
triantdin ZDC, a ghnios A le BZ agus ZD a bhéas comhthairsing leisan A ZDC.

6
Sa A ABC pointe ar bith sa slios AB is ea X. Tarraing tré X line a ghnios dh4 leith
d’thairsinge an triantdin.

[Ais a bhaint as ceist 3 sa AABM, 4it gurb é M lar BC]

. I dtriantan dronuilleach ’siad 5" agus 12" na sleasa; faigh an hipotents. M4 ta

hipotenus triantdin dronuilligh 25" ar fad, agus mata 7" is slios eile, faigh an tria
slios.

Tosach leathanach 63 sa LSS.

Té dréimire ina lui i gcoinne bhalla. T4 bun an dréimire 8 amach 6n mballa agus
is 311" suas an balla a shroiseas sé.

Coinnitear bun an dréimire socair ach iompaitear go dti taobh eile na srdide an
dréimire féin. M4 t4 an tsrdid 36’ ar leithead, cd fhaid suas ata barr an dréimire
anois?

Sa bhFiog i dTeoirim XVIII, m4 teagmhaionn sineadh DA le BC in X, cruthuigh,
(i) go bhfuil AX 1 le BC; (ii) BA?> = BC - BX; (iii) CA> = BC-CX.

. Méd’s é FZ an t-ingear 6 F ar CL, teaspdin (i) gurb i LDF Z an chearnég ar AC; (ii)

gurb é FZC ionad nua an AEM B arna aistria fan BC.

. M4 cuirtear dhd chearnég phaipéir ABLM agus FDLZ’ taobh le taoibh, minigh

cé’n chaoi a ndealbhaitear an chaern6g BCFE leo arna ngearradh fan BE agus
EF.

Mad’s uimhreacha ar bith iad p agus g, p > g, teaspdin gur traintan dronuilleach é
an triantan ar sleasa dhé p? — g%,2pq, p> + g*. Cé acu sin an hipotentis?

6Nil aon uimbhir a 3 ann.
71.8S deacair a léamh (AOF)



184 CAIBIDIL 5. FAIRSINGE
Exercises

1. In Question 3, show that it is possible to assemble the /7 AXY Z from pieces of
/7 ABCD by cutting it into three pieces. Using those pieces, assemble a /7 on the
base BL, too.

2. In Question 2, if AD and BC meet at L, prove that ABZX = AZDC.

Explain how to draw a straight line through any given point B in the side ZC of the
triangle ZDC, which will make a A with BZ agus Z D having the same area as the
A ZDC.

3.8

4. In the A ABC, X is an arbitrary point in the side AB. iDraw a line through X that
divides the area of the triangle into two halves.

[Apply Question 3 to the AABM, where M is the centre of BC]

5. In aright-angle triangle the sides are 5" agus 12"; Find the hypotenuse. If the hy-
potenuse of a right-angle triangle is 25" long, and another side is 7", find the third
side.

6. A ladder is standing against a wall. The foot of the ladder is 8’ out from the wall,
and it reaches 311 up the wall.

Without moving the bottom of the ladder it is swung over to the other side of the
street. If the street is 36’ wide, how far up is the top of the ladder now?

7. In the figure in Theorem 18, if the extension of DA meets BC at X, prove (i) that
AX 1 to BC; (ii) BA* = BC- BX; (iii) CA* = BC- CX.

8. If FZ is the perpendicular from F on CL, show (i) that LDF Z is the square on AC;
(ii) that FZC is the position to which AEM B is moved by the translation along BC.

9. If two paper squares ABLM and FDLZ® are placed side by side, explain how to
construct the square BCFE from them by cutting along BE and EF.

10. If p and g are any two numbers such that p > g, show that a triangle with sides

p? —q°%,2pq, p* + g is right-angled. Which side is the hypothenuse?

8There is no exercise number 3.
91SS deacair a léamh (AOF)
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Caibidil 6

Coimhionannas Triantan.
Eagcudroméidi

Tosach leathanach 64 sa LSS.

Identity of Triangles. Inequalities

Cé go bhtuil tri sleasa agus tri h-uilleacha i dtriantdn, ni ga na neithe sin go léir a
thabhairt chun méid agus deilbh an triantdn a chinneadh: e.g. isleor dhé uillinn a bheith
ar eolas chun an ceann eile a direamh, de bhri go bhfuil 180° sna tri h-uilleacha le chéile.
Teaspdinfear sa gcaibidil seo gur leor cnuas dirithe de thri bhaill den triantdn a thabhairt
chun gur cinnteach don triantan idir mhéad agus deilbh.

Ta fiogracha gebmétracha comhioann le chéile (n6 congriach) mé’s féidir ceann acu
a leagan amach ar an gceann eile le h-aistria, n6 le casadh, né le scatha.

Even though a triangle has three sides and three angles, you don't have to give all
those in order to determine the size and shape of the triangle: e.g. it is enough to know
two of the angles in order to calculate the other one, since there are 180° in the three
angles together. In this chapter it will be shown that to determine a triangle’s size and
shape it is enough to specify any one of a particular collection of triples of elements of
the triangle.

Two geometrical figures are identical with one another (or congruent) if it is possible
to lay one of them on the other by means of a translation, or a rotation, or a reflection.
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6.1. TEOIRIM XIX 189

6.1 Teoirim XIX

Chun go mbeadh dha thriantan congruach le chéile, is leor:

I go mbeadh dha shlios i dtriantédn acu comhfhada le dhé shlios sa gceann eile, agus na
huilleacha achrioslaionn gach péire acu sin a bheith ar comhméad.

N6

II go mbeadh na tri sleasa i dtriantan acu c6mhthada le tri sleasa an triantdin eile.

N6

III go mbeadh dhé uillinn i dtriantan acu cothrom le dhé uillinn sa triantén eile, agus
slios amhéin sa gcéad triantan a bheith c6mhfhada leis an slios a threagraios d6 sa
gceann eile.

Ta Fioghair anseo sa LSS, leathanach 64.

Casl
Hipotéis:

Ta AB = DE, AC = DF, BAC = EDF.
Tatall:

Triantdin congriacha is ea iad.

Tosach leathanach 65 sa LSS.

Cruthtnas:

Ma cuirtear DE fan AB ionas go dtiteann D ar A, is ar an bpointe B a thiteas E de
bhri go bhfuil DE = AB.

OtharlaD=A leagtar DF fan AC; agus de thairbhe DF = AC, is ar an bpointe C a
cuirtear F.

:. Is anuas go cruinn ar an A ABC aleagtar an A DEF. O

Theorem 19. For two triangles to be congruent, it is enough:

I That two sides in one triangle be the same length as two sides in the other one, and the
angles embraced by each pair be the same size.

Or

II that the three sides in one of the triangles be the same length as the three sides of the
other triangle.

Or

III that two angles in one of the triangles be equal to two angles in the other triangle, and
one side in the first triangle the same length as the corrersponding side in the other one.

Casel

Hypothesis:
AB = DE, AC=DF, BAC = EDF.



190 CAIBIDIL 6. COIMHIONANNAS TRIANTAN. EAGCUDROMOIDI

Conclusion:
The triangles are congruent.

Proof:
If we place DE along AB so that D falls on A, then the point B iis where E falls, since
DE = AB.
Since D = A, DF lies along AC; and since DF = AC, the point C iis where F is placed.
= Itis exactly on top of the A ABC that the A DEF is laid. O

Néta 1
Fagann sin go bhfuil £ = B, £ = C, EF = BC.

Nota 2

Ma ta na huilleacha cothoma BAC agus EOF is dtre6anna contrardha, is soiléir gur an-
uas ar scath an A ABC sa slios AB aleagtar an ADEF.

T4 Fioghair anseo sa LSS, leathanach 65.

Tabhair f4 deara gurb iad na sleasa atd 6s c6ir na n-uilleann gcothrom atd comhthada,
agus gurb iad na huilleacha ata ar aghaidh na slios gcémhthada atd ar comhméad. Sin é
is ciall le huilleacha freagarthacha agus le sleasa freagathacha.

Note 1
It follows that £E= B, F = C, EF = BC.

Note 2

If the equal angles BAC and EOF are in contrary directions, it is clear that the ADEF is
laid on the reflection of ABC in the side AB.

Notice that it is the sides opposite the equal angles that are the same length, and that
the angles opposite the equal sides that are the siame size. That is what we mean by
corresponding angles and by corresponding sides.

Cas Il
Hipotéis:
Ta AB=DE, AC=DF, BC=EF.

Tétall:
Triantdin congriaacha is ea iad.

Ta Fioghair anseo sa LSS, leathanach 65.

Cruthtnas:
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Leag an slios EF ar an slios comhfhada BC i gcaoi go gcuirtear E ar C, agus go
gcuirtear F ar B.

Abair gurb é XCB an t-ionad nua a ghabhas an A DEF.

Fagann sin BX = AC, XC = AB, ionas gur 7/ é BACX.

De thairbhe teoirme XV ansin is féidir an AXCB a leagan anuas ar an A ABC le
casadh tré 180° timpeall lar BC.

1. TA A DEF congruach Ir A XCB, ata congriiach le A ABC. O

Casell

Hypothesis:
AB=DE, AC=DF, BC=EF.

Conclusion:
They are congruent triangles.

Proof:

Lay the side EF on the equally-long side BC in such a way that E is placed on C, and
Fon B.

Suppose that XCB is the new location of the A DEF.

It follows that BX = AC, XC = AB, sothat BACX isa //.

Then by Theorem 15 the AXCB can be laid on the A ABC by a rotation through 180°
about the centre of BC.

.1. A DEF is congruent to A XCB, which is congruent to A ABC. O
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Tosach leathanach 66 sa LSS.

Nota

M4 ta tre6anna na n-uilleann bhfreagarthach BAC agus EDFi contrardha da chéile,
gheofar amach gur ar scath an A ABC san dronline BC a leagtar A DEF.

Note

If the direction of the corresponding angles BAC and EDFi are contrary to one another,
it will be found that A DEF is laid on the reflection of the A ABC in the straight line BC.

Cas 111

Hipotéis:

TaB=E,C=F, BC=EF.
Tétall:

Triantdin congriacha is ea iad.

Ta Fioghair anseo sa LSS, leathanach 66.

Cruthanas:

Ma cuirtear EF fan naline BC ionas go bhfuil E ar B, is ar an bpointe C a thuiteas F
de bhri go bhfuil EF = BC.

O thérla B = E is fan na dronline BA a leagtar ED, agus mar an dcéanna cuirtear FD
fan na dronline CA.

Féagann sin go leagtar D, pointe teagmhadla ED is FD, ar phointe teagmhdla BA is
CA; i ar A.

. Leagtaran A DEF aran A ABC. O
Case III
Hypothesis:
B=E,C=F,BC=EF.
Conclusion:
The triangles are congruent.
Proof:

If we place EF along the line BC so that E is on B, then F falls on the point C, because
EF =BC.

Since B = E, ED, is laid along the straight line BA, and in the same way FD is placed
along the straight line CA.

It follows that D, the point where ED meets FD, is placed on the point where BA
meets CA; .i. on A.

. The A DEF islaid on the A ABC. O
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Nota 1l

Mésé B = E, A= D, BC = EF a tugtar, sé an cds céanna é , de bhri go gcaithfidh C = F
ansin de bharr teoirme XIII.

Nota 2

Is féidir triantdn a th6gdil nuair is eol duinn, (i) dhd shlios agus an uille a chrioslaionn
siad, n6 (ii) na trisleasa, n6 (iii) dhd uillinn agus slios.

Mar, ar dhronline ar bith sa phldna tiglinn mir BC a ghearradh atd comhfhada le slios
ar bith a tugtar, agus is féidir an triantdn a thogdil ar BC ar bhealach a bheas soiléir don
léitheoir gan miniu ar bith. Mar gheall ar an éigcinnteacht fa ionad BC nil aon chuimse
lena bhfuil de thriantdin éagsula a ch6imhlionas na coinniollacha, ach is macasamhla
d’a chéile iad uilig de bharr na teoirme..

Note 1

If we are given that B = E, A= D, BC = EF, then it is the same situation, since it must
follow that C = F becasue of Theorem 8.

Note 2

A triangle can be constructed when we know (i) two sides and the angle between them,
or (ii) the three sides or (iii) two angles and a side.

For, on any straight line in the plane we can cut a segment BC that has the same length
as any given side, and then it is possible to construct the triangle on BC is an way that
should be obvious to the reader without any explanation. Because the position of BC is
arbitrary, there is no limit to the number of different triangles that satisfy the conditions,
but they are all facsimiles of one another because of the theorem.
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Tosach leathanach 67 sa LSS.

Cleachtaithe

1. Tarraing A ar sleasa dho 3 6r. agus 21 6r., agus 30° a bheith san uillinn eatorru.

2. Tarraing A ar stuanna dh6 11",2",21". Cad € an uille atd 6s cOir an tsleasa is fuide?
Cad é an uille is 14?2

3. Tarraing A fa na h-uilleacha 40°,60°,80° nuair 'sé 3" fad an tsleasa atd 6s céir na
huilleann is mé.

Exercises

1. Draw a A having sides 3 in. and 21 in., and with 30° in the angle between them.

2. Draw a A with sides 11",2",21". What is the angle opposite the longest side? What
is the least angle?

3. Draw a A with angles 40°,60°,80° where the side opposite the greatest angle is 3"
long.

Triantéain i gC6imhréir

In 4it a bheith co6mhfhada, md’s i gcéimhréir atd na sleasa a luaitear sa teoirim, t4 uil-
leacha triantdin acu ar comhmeéad le h-uilleacha an triantéin eile, ach is i gcéimhréir (de
réir an ch6imhmeasa chéanna k : 1, abair) até na sleasa. Fagann sin go bhfuil A acu ina
chéip de réir an scdla k : 1 den cheann eile.

Gheofar chruthtinas don tora td i gcaib IX!, ach ni miste é a ltia anseo mar gheall ar
a thdbhachtai is atéd sé . Is iomdha leas a bhaineas silbheéra as.

Triangles in Proportion

If, instead of having the same length, the sides mentioned in the theorem are in propor-
tion, then the angles in one triangle are the same size as the angles in the other triangle,
but all the sides are in proportion (according to the same ratio k : 1, say). It follows that
one triangle is a scale copy of the other in the ratio k: 1.

You will find the proof of that result in Chapter 9 2, but it is as well to mention it here
because of its importance.

Surveyers make much use of it.

har ann d6 san LSS

2This refers to a non-existent chapter in the MSS.
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Cleachtaithe

1.

T4 100 tr., 72 tr., agus 80 tr. i sleasa A dirithe. Linigh an A de réir an scdla 40 tr. in
aghaidh an 6rlaigh, agus tomhas an uille is mé.

. Crann brataigh is ea XY, agus pointe ar an talamh cothrom is ea P i gcaoi go bhfuil

30 sl. idir P agus bun an chrainn bhrataigh X. Airitear 20° don uillinn XPY. Linigh
an A dronuilleach PXY de réir an scdla 15 sl. in aghaidh 1 6r., agus faigh dirde XY

. Tri bailte is ea A, B,C. Ta B 20 mile thiar 6 A go direach, agus ta C thiar 6 thuaidh

de A agus é 30 mhile uaidh. Aimsigh fad agus treo na line BC.

Chuaidh duine 10 mile soir 6 phointe A. Tar éis d6 6 mhile soir 6 thuaidh a chur de
ina dhiaidh sin d’athruigh sé a threo aris agus chuaidh sé 5 mhile siar. Ca fhaide 6
bhaile ata sé anois?

Tosach leathanach 68 sa LSS.

Pélla telegrafa is ea AB, agus 6 phointe X ar an mbdthar tugtar fa deara go bhfuil
AXB = 30°. Ag pointe eile Y ar an mbd6that atd nios goire don phdlla agus é 30
tr. 6 X, ta 50° san uillinn AY B. Faigh dirde an phélla go h-athchomair le léaraid a
tarraingitear de réir an scala 20 tr. in aghaidh 1".

T4 dhd loing X is Y ar farraige, agus pointi ar an gcladach is ea A is B ionas go
bhfuil B mile bealaigh thoir 6 A go direach. Ag an bpointe ama céanna tugtar fa
deara go bhfuil XBA=60°,YBA=40°,YAB =80°, XAB =45°.

Faigh fad agus treo na line XY

An Cas Da-bhritheach

Ma ta dha shlios agus uille (atd 6s coir shleasa acu) i dtriantdn cothrom le dha
shlios agus leis an uillinn fhreagarchai i dtriantdn eile, ni gd don d4 thriantan sin a
bheith congraach, cé go bhféadfadh sé sin a tharlu.

Mora bhfuil siad congriiach éfach, cruthuigh de thairbhe na léardide thios gur uil-
leacha féirliontacha iad na h-uilleacha ata 6s céir an dé shlios chémhfhada eile.

Ta Fioghair anseo sa LSS, leathanach 68.

. Sa gcasda-bhritheach mé’s eol nach bhfuil maoluille i dtriantdn ar bith den péire,

cruthuigh go bhfuil na A congtiach le chéile.

. Md’s dronuilleacha iad na h-uilleacha cothroma a ldaitear i gceist 7, cruthuigh go

bhfuil na triantdin congraach.
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Exercises

1. The sides of a particular triangle have 100 ft., 72 ft., agus 80 ft.. Draw the triangle
to the scale of 40 ft. to the inch, and measure the larget angle.

2. XY is aflagpole, and P is a point on the level ground such that there are 30 yd.
between P and the bottom X of the flagpole. The angle XPY is reckoned at 20°.
Draw the right-angle A PXY at a scale of 15 yards to 1 inch, and find the height of
XY.

3. A, B,C are three towns. B is 20 miles directly west of A, and C is northwest of A
and 30 miles away from it. Find the length and direction of the line BC.

4. A person went 10 miles east from point A. After travelling a further 6 miles north-
east he changed direction again and went 5 miles west. How far away from home
is he now?

5. ABis a telegraph pole, and from a point X on the road it is observed that AXB =
30°. At another point Y on the road, closer to the pole and 30 ft. from X, the
angle AY B. neasures 50°. Find the height of the pole approximately by drawing a
diagram to the scale of 20 ft. to the inch.

6. Two ships X and Y are at sea, and A and B are points on the shore, with B a
mile due east from A. At a certain moment it is observed that XBA = 60°, YBA=
40°, YAB = 80°, XAB = 45°.

Find the length and direction of the line X Y.

The Ambiguous Case

7. If two sides and an angle (that is opposite one of them) in a triangle are equal to
two sides and the corresponding angle in another triangle, it is not necessarily the
case that those two traingles are congruent, even though that might be the case.

If, however, they are not congruent, prove using the diagram below that the angles
opposite the other two equal sides are complementary.

8. In the ambiguous case, if it is given that neither of the pair of triangles has an
obtuse angle, prove that the A are congruent to one another.

9. If the equal angles mentioned on exercise 7 are right angles, prove that the trian-
gles are congruent.
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Tosach leathanach 69 sa LSS.

6.2 Eagcudroméidi

San alt seo breithnitear éagcudromadidi dirithe a shiolraios den tsonnra gurb i an dronline
an fhad is goire idir dha phointe.
Scriobhtar > is 4it “nios m6 nd", agus < in it “nios la nad".

6.3 Inequalities

In this section we shall study inequalities that follow from the fact that the straight line
is the shortest distance between two points.
We write > for “greater than" and < for “less than".

6.4 Teoirim XX

I dtriantan ar bith mé’s mé uille &irithe na uille eile, is fuide an slios até ar aghaidh na
h-uilleann is mé nd an slios at4 ar aghaidh ne h-uilleann eile; agus is fior an coinvéarsa.

T4 Fioghair anseo sa LSS, leathanach 69.
Hipotéis:
Tugtar C > B.

Tatall:
Ta AB > AC.

Togail:
Déan BCX = B.
Cruthtnas:
Ta CX + XA > AC (sonnri dronline); agus td CX = BX (teoirim V).

. TaBX+XA> AC;: AB> AC. O
Bhéarfar crutunas neamhdireach i gcoir an choinvéarsa.

An Coinvéarsa
Hipotéis:
Tugtar AB > AC.
Tatall:
Ta C > B.
Cruthtnas:
Ni fhéadfadh A a bheith ar a.s. BC, gan AB a bheith = AC.
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Ni fhéadfadh A is B a bheith ar an taobh chéanna de a.s. BC gan AC a bheith > AB
(de réir na teoirme).

Ach ni thagann tétall acu siad leis an hipotesis AB > AC.

- Is ar aon taobh amhdinle C atd A .i. C > B. O

Atora

I dtriantan dronuilleach 'sé an hipotentse an slios is faide.

Theorem 20. In any triangle if a particular angle is greater than another angle, then the
side opposite the greater angle is longer than the side opposite the other angle; and the
converse is also true.

Hypothesis:
We are given C > B.

Conclusion:
AB > AC.

Construction:
Make BCX = B.

Proof:
We have CX + XA > AC (definition of a line); and CX = BX (Theorem 5).

L BX+XA>AC;: AB> AC. O
We shall give an indirect proof for the converse.

The Converse

Hypothesis:
We are given AB > AC.

Conclusion:

C>B.
Proof:

A could not lie on the a.s. of BC, unless AB is = AC.

A and B could not be on the sme side of the a.s. of BC without AC being > AB (by
the theorem).

But neither of these conclusions agree with the hypothesis AB > AC.

:. Alies on the same side as C .i. C > B. O

Corollary. In aright-angle triangle the hypotenuse is the longest side.
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Tosach leathanach 70 sa LSS.

An tarna leagan de Teoirim XX:

Teoirim XX

Ta dha shlios i dtriantan comhfthada le dha shlios i dtriantan eile, ach is m6 an uille
a chrioslaionn an chéad péire nd an uille a chrioslaionn an péire eile. Is é an triantan
gurb ann até an uille is m6 an triantan is faide bonn.

Ta Fioghair anseo sa LSS, leathanach 70.

Hipotéis:

T4 AB = DE, AC = DF, EDF > BAC.
Tatall:

Ta EF > BC.
CruthGnas:

Leag an slios DE ar an slios comhfhada AB, agus le sciatht in AB (md’s ga é ), cuir
ADEF sanionad ABK.

Fagann sin AK = AC, KB = EF, KAB > BAC.

O tharla KAB > B/E,’, td AZ comhroinnte6ir na h-uilleann K AC, idir AK agus AB.

Ach’sé AZ a.s. naline KC (teoirim IV), agus de bhri go bhfuil B agus C ar an taobh
chéanna dhi, td BK > BC (teoirim III)

i. T4 EF > BC. ]

Theorem. Suppose two sides in a triangle have the same lengths as two sides in another
triangle, but the angle between the first pair is greater then the angle between the other
pair. Then the triangle with the greater angle has the greater base.

— the second version of Theorem 20

Hypothesis:

AB = DE, AC = DF, EDF > BAC.
Conclusion:

EF > BC.
Proof:

Lay the side DE on the equal-length side AB, and by reflection in AB (if necessary),
put ADEF iin the position ABK.

It follows that AK = AC, KB = EF, KAB > BAC.

Since KAB > BAC, the straight line AZ, bisector of the angle K AC, lies between AK
and AB.

But AZ s the a.s. of the line KC (Theorem 4), and since B and C are on the same side
of it, we have BK > BC (Theorem 3) .i. EF > BC. O
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Atoral

O phointe P, ma tarraingitear dronlinte difritla go dti imline chiorcail gurb é O a l4r,
téigheann an dronline is faide agus an dronline is giorra diobh tré O. Maidir le line ar
bith eile PX de na linte tré P, d’4 i laghad 1 an uille POX is ea is giorra an line sin.

Ta Fioghair anseo sa LSS, leathanach 70.

T4 PX > PA, de bhri go bhfuil OP + PX > OX .i. OP + PX > OP + PA.
T4 PY > PX, de bhri go bhfuil OP agus OX comhthada le OP agus OY, ach is mo6 an
uille POY n4 an uille POX.

Corollary 1. If, from a point P, the various straight lines are drawn to the perimeter of a
circle having centre O, then the longest and shortest of them pass through O. As far as any
other line PX through P, the smaller the angle POX the shorter the line.

We have PX > PA, because OP + PX > OX .i. OP+ PX > OP + PA.
PY > PX, because OP and OX have the same length as OP and OY, but the angle
POY is greater than the angle POX.
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Tosach leathanach 71 sa LSS.

Atora 2

I gciorcal ar bith md’s goire don lar c6rda amhdin nd cérda éirithe eile, sé an chéad
chérda acu siud is faide.

Ta Fioghair anseo sa LSS, leathanach 71.

Tugtar OQ > OP. T4 le cruthu go bhfuil AB > CD.

Cruthtnas:

Cas ancérda CD timpeall O go gcuirtear OQ ar OR, agus go dtiteann CD ar an gcérda
XY.

Ta PA> PX (atora 1), agus ta PX > XR (teoirim III atora).

. Ta PA> XR, ionas go bhfuil 2PA>2PX .i. AB> XY.

Corollary 2. In any circle, if one chord is closer to the centre than a second chord, then the
first chord is the longer.

We are given OQ > OP. We have to prove that AB > CD.

Proof:
Rotate the chord CD around O to place OQ on OR, so that CD lies on the chord XY
We have PA > PX (Corollary 1), and PX > XR (Theorem 3, Corollary).
L PA>XR,sothat2PA>2PX .i. AB> XY.

Cleachtaithe

1. Cruthuigh go bhfuil slios triantdn nios faide nd an difriocht idir an d4 shlios eile.

2. Pointe is ea P atd taobh istigh den AABC, agus teagmhaionn BP le AC in X.
Cruthuigh go bhfuil (i) AB+ AC > BX+ XC, (ii) BX+ XC > BP+PC, (iii) AB+ AC >
BP + PC.

3. I gceathairshleasan ar bith teaspéin (i) gur mo leath-shuim na slios né treasnan ar
bith den dé threasnén; (ii) gur mé leath-shuim na slios nd suim an d4 threasnan.

4. 'Siad P is Q pointi teagmhdla dha chiorcail ar lair d6ibh O agus O,, agus cérda
dubailte tré P is ea LPM. Cruthuigh (a) go bhfuil LM =2XY; (b) go bhfuil XY <
0O, mara bhfuil LM| le OO;.

Teaspdin cé’'n chaoi a n-aimsitear an cérda dubailte is faide.

5. Mé’s pointe é P até taobh istigh de chiorcal gur lar d6 O, cruthuigh gurb é an cérda
atd | le OP an corda is giorra tré P.
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Tosach leathanach 72 sa LSS.

6. Sa bparallélogram ABCD maoluille is ea an uille A istigh, ionas gur géaruille i a
féirlion B. Cruthuigh de thairbhe teoirme II go bhfuil an treasndn BD > AC.

7. 1 dtriantan ar bith ABC, 'sé M lar BC. Cruthuigh AB + AC > 2AM. Le suimiu
teaspdin gur faide suim na dtri slios nd suim na dtri medanline.

8. Saléardid i dTr. B Caib IV cruthuigh BG = £BE, CG = £CF. Teaspdin gur faide
suim na mednlinte faoi dh6 nd suim na slios fa tri’

9. Pointi is ea A, B ar an taobh chéanna de dhronline 4irithe ¢, agus pointe ar bith
den line ¢ is ea P. M4 ’sé A; scath A in ¢, agus m4 ghearrann A; B an line ¢ ag C,
cruthuigh go bhfuil AP+ PB> A;B (i. AP+ PB> AC+ CB).

10. Sa AABC ’sé X lar an tsleasa BC. M4 td AX > BX cruthuigh B + C > A agus gur
géaruille i A d’4 réir.
Ma td AX < BX, cruthuigh gur maoluille i A.
Céard é an tatall nuair AX = BX?

11. Sa A ABC gearrann cémhroinnteoir A an bonn BC in X. Cruthuigh (i) AB > BX;
AC > XC.
M4d’s faide AB nd AC cruthuigh (le scathu in AX) gur faide BX na XC.

Exercises

1. Prove that a side of a triangle is longer than the difference between the other two
sides.

2. P is a point inside the AABC, and BP meets AC at X. Prove that (i) AB+ AC >
BX + XC, (i) BX+ XC>BP+ PC, (iii) AB+ AC> BP+ PC.

3. Inany quadrilateral prove (i) that half the perimeter is greater than either diagonal;
(ii) that half the perimeter is greater than the sum of the two diagonals.

4. P and Q are the common points of two circles having centres O and O, and LPM
is a double chord through P. Prove (a) that LM =2XY; (b) that XY < OO, unless
LM]|l le OO;.

Show how to find the longest double chord.

5. If P is a point inside a circle with centre O, prove that the chord that is L to OP is
the shortest chord through P.

6. In the parallelogram ABCD the inside angle A is obtuse, so that its complement B

is an acute angle. Prove by using Theorem 2 that the diagonal BD > AC.
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10.

11.

CAIBIDIL 6. COIMHIONANNAS TRIANTAN. EAGCUDROMOIDI

. In any triangle ABC, let M be the centre of BC. Prove that AB+ AC > 2AM. By

adding, show that the sum of the three sides is greater than the sum of the three
medians.

. In the diagram in Theorem B of Chapter 4, prove that CG = %CF . Show that twice

the sum of the medians is greater than three times the sum of the sides.

A, B are points on the same side of a certain straight line ¢, and P is any point of
theline ¢. If A; is the reflection of Ain ¢, and if A, B cuts the line ¢ at C, prove that
AP+ PB> A1B (i. AP+ PB> AC+CB).

In the AABC the centre of the side BC is X. i If AX > BX, prove that B+C> Aand
that consequently A is an acute angle.

If AX < BX, prove that A is an obtuse angle.

What is the conclusion when AX = BX?

In the A ABC the bisector of A cuts the base BC at X. Prove (i) AB > BX; (ii)
AC > XC.

If AB is longer than AC, prove (by reflecting in AX) that BX is longer than XC.
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Caibidil 7

Uilleacha i gCiorcal. Tadlaithe

Tosach leathanach 73 sa LSS.

Angles in Circles. Tangents

I gCaib II nuair leagtar dronline ¢ ar cheann eile m le casadh an phldna timpeall a
bpointe teagmhéla A, is 1éir go bhfanann A féin socair, agus go gcuirtear pointe B den
line ¢ ar an bpointe C den line eile ionas go bhfuil AB = AC. Is mian linn anois tabhairt
f&'n gcasadh a bhreithiu a chuirfeas AB fan dronline eile AC ionas go dtitfidh B ar C,
nuair nach bhfuil AB = AC.

Nihé Alar an chasta anois

T4 Fioghair anseo sa LSS, leathanach 73.

Feicfimid go bhfuil dhd chasadh dhifritila a fheileas don cés de réir an treo ar leith
ina gcuirtear an casadh i ngniombh.

Mad’sé O lar an chasta is eol diinn (Teoirim VIII atora 3) go bhfuil sé ar chémhroinnteoir
éigin de dha chémhroinnteoir na huilleann A. Ma siad OX,0Y na hingir uaidh ar na
linte, is soiléir go gcuirfear OX ar OY ionas gurb i XOY uille an chasta.

Ach sa gceathairshleasan OXAY ’sé 360° suim na nuilleann istigh (Caib IV), agus
6sdronuilleacha iad X agus Y, fagann sin XOY = féirlion XAY = BAC ( Fiogh I)

Sin i go direach an uille den da uillinn [BAC (Fiogh II) 1! idir na linte at4 in aon treo
le h-uillinn an chasta.

Ma leagtar line ¢ fan line m le casadh an phlana, is ionann uille an chasta (idir méad
is treo) agus an uille idir ¢ agus m a fhreagraios di.

11.SS doiléir
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Tosach leathanach 74 sa LSS.

Is furusta anois an dé4 chasadha chinneadh a leagas dronline BA ar dhronline CA i
gcaoi go dtuitfidh B ar C.

Mar, de bhri go gcaithfidh B agus C a bheith comhfhada ¢ l4r an chasta, luionn an
lar d ar ais shuiméitreachta BC. Ach téd sé ar chdémhroinnteoir den uillinn A € freisin.

Siad pointi teagmhala a.s. BC le dha ch6mhroinnteoir na huilleann A, lar an da
chasadh a fheileas.

Léiionn an da theoirim seo a leanas cé’n chaoi a bhfuil siad i ngaol leis an A ABC.

In Chapter II, when a straight line ¢ s placed on another m by a rotation of the plane
about their common point A4, it is clear that A itself stays fixed and a point B of the line
¢ is placed on the point C of the other line in such a way that AB = AC. Now we want to
consider the rotation that will place AB along another straight line AC so that B moves
to C, when it is not the case that AB = AC.

This time, A is not the centre of the rotation.

We shall see that there are two different rotations that meet the case, depending on
the particular direction in which the rotation is made.

If O is the centre of the rotation, then we know (Theorem 8, Corollary 3) that it lies
on some bisector of the angle A. If OX,0Y are the perpendiculars from it on the lines, it
is clear that OX is placed on OY so that XOY is the angle of the rotation.

But in the quadrilateral OX AY the sum of the inside angles is 360° (Chapter IV), and
since X and Y are right angles, it follows that XOY = the complement of XAY = BAC
(FigD

That is exactly the angle of the two angles [BAC (Fig II) a] between that are in the
same direction as the rotation angle.

Ifaline ? s laid along a line m by a rotation of the plane, then the angle of rotation is
the same (in size and direction) as the corresponding angle between ¢ and m.

It is easy now to determine the two rotations that will lay the straight line BA on the
straight line CA and place B on C.

For, since B and C have to be the same distance from the centre of the rotation, that
centre lies on the axis of symmetry of BC. But it is also on a bisector of the angle A as
well.

The points where the a.s. of BC meets the two bisectors of the angle A, are the centres
of the two rotations that suit.

The following two theorems show their relationship to the A ABC.

7.1 Teoirim XXI

Is ionann an uille a ghabhas stua® ciorcail ag an imline agus an uille a ghabhas leath an
stua sin ag lar an chiorcail.

Ta Fioghair anseo sa LSS, leathanach 74.

2LSS: stuagh; ceartaithe go stua go minic sa LSS, agus anseo agamsa (AOF).
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Hipotéis:

’Sé M lar an stua BC, agus pointe den imline is ea P.
Tatall:

T4 BPC = BOMi.
Cruthunas:

Cas an plana timpeall O tré'n uille BOM,ionas go dtéann B go dti M, agus go nglu-
aiseann P ar imline an ® go dti Q.

». Tastua MB = stua PB agus sé MQ ionad nua BP.

’Sé sin 'sé uille an chasta BOM = aq.

Ach tugtar stua BM = stua MC.

». Td stua MC = stua PQ, ionas gurb i an larline chéanna is ais shuiméitreachta do
PC agus QM.

Fagann sin go bhfuill PC|| le QM agus ta &, = & (Tr. XI). BOM=BPC. O

Theorem 21. The angle subtended by an arc of a circle at the perimeter is equal to the
angle subtended by half that arc at the centre.

Hypothesis:
M is the centre of the arc BC, and P is a point on the perimeter.

Conclusion:
BPC = BOM.

Proof:

Rotate the plane around O through the angle BOM,so that B goes to M, and so that
P moves on the perimeter of the circle to Q.

» The arc MB = the arc PB and MQ is the new position of BP.

That is, the angle of the rotation is BOM = aq.

But we are given that the arc BM = the arc MC.

:.arc MC = arc PQ, so that the same diameter is an axis of symmetry for PC and QM.

It follows that PC| to QM and @; = & (Theorem 11). BOM=BPC. O
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Tosach leathanach 75 sa LSS.

Téarmai

Gineann cérda ciorcail agus stua ar bith den d4 cheann a ghearas sé den imline, fioghair
iadta d’a ngoirtear feascén ciorcail.

Pointi c6imhchioralacha is ea ceithre pointi (n6 tuille) a ngabhann ciorcal triothu
uilig, agus tugtar ceathairshleasan céimhchioralach ar an gceathairshleasan a ghineas
siad.

Atoral

Is buan don uillinn BPC cébi cé’n 4it ar an stua BPC a bhfuil an pointe P.

Mar is ionann i agus BOM até seasmhach.
Tugtar uille an teascain APB ar an uillinn sin.

Atora 2

Is dronuille 1 uille leithchiorcail.

Atora 3

I gceathairshleasan choichiorcalach uilleacha féirliontacha is ea na huilleacha at4 ar
aghaidh a chéile.

T4 Fioghair anseo sa LSS, leathanach 75.

Mar , is leithchiorcal é an ttsuim nuair suimitear leath an stua APB le leath an stua AQB.

Atora 4

I gciorcal ar bith (n6 i gciorcail ch6imhionanna) is cémhthada na stua a gabhas uil-
leacha cothroma ag an impline, agus is fior an coinvéarsa.

Mar, stuanna is ea iad a ghabhas uilleacha cothroma ag an lar freisin, de réir na teoirme.
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Tosach leathanach 76 sa LSS.

Definitions

A chord of a circle and any arc of the two into which it cuts the perimeter make a closed
figure that is called a segment of the circle.

Concyclic points are any four (or more) points through all of which some circle passes,
and the quadrilateral they generate is called a cyclic quadrilateral .

Corollary 1. The angle BPC is constant, no matter where the point P lies on the arc BPC.

For it is equal to the fixed BOM.
That angle is called the angle of the segment APB.

Corollary 2. The angle in a semicircle is a right angle.

Corollary 3. In a cyclic quadrilateral opposite angles are complementary.

For , we get a semicircle when we add half the arc APB and half the arc AQB.

Corollary 4. In any circle (or in equal circles) arcs that subtend equal angles at the perime-
ter have the same length, and conversely.

For , they are also arcs that subtend equal angles at the centre, by the theorem.

7.2 Teoirim XXII

M3 cuirtear dronline BA fan dronline eile CA i gcaoi go dtiteann B ar C le casadh,
céomhroinneann lar an chasta stua den d4 stua BC ar an gciocal ABC.

Ta Fioghair anseo sa LSS, leathanach 76.
Hipotéis:
'Siad M, N pointi teagmhadla a.s. BC le comhroinnteoiri na huilleann A.

Tatall:

Ta M, N ar an ©ABC, agus lar na stua BC is ea iad.
Togéil:

Faigh O, lar M N.

CruthGnas:
3

De bhri go gcémhroinneann AN, AM uilleacha comhgharacha ag A, dronuille is ea
MAN, agus sé O iomlarna AMAN.

3Cé gur fusa cruthtinas neadrach is ionspéisitila an ceann seo.
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Sa gcasadh timpeall M, cuirtear & ar a1 .=
Sa gcasadh timpeall N, cuirtear § ar B; . f = .

a+p=a+p.
Ach td @+ f =MCN (scéatha a chéile in MN).
. T4a MCN= a féirlion a; + ﬁl .. dronuille is ea MCN (agus MBN).
. Sé O iomlarna A MNC agus M NB chémh maith.
Gabhann an o ar lar d6 O agus ar ga d6 OM tré na pointi M, A, C, N, B go léir.
De bhrigurbi M N a.s. BC, siad M, N lar na stua BC.

Theorem 22. If a straight line BA is moved by a rotation to another straight line CA in
such a way that B is moved to C, then the centre of the rotation bisects one of the two arcs
BC on the circle ABC.

Hypothesis:
M, N are the points where the a.s. of BC meets the bisectors of the angle A.

Conclusion:
M, N are on the circle ABC, and are the centres of cthe arcs BC.

Construction:
Find O, the centre of M N.

Proof:
4

Since AN, AM bisect adjacent angles at A, the angle M AN is a right angle, and O is
the incentre of the AMAN.

The rotation about M places & on ocl a= dl

The rotation about N places ﬁ on ,61 ,3

a +B = dfl + Bl'

But a + ,3 =MCN (reflections of one another in M N).

~. MCN= its complement a; + ,31 .i. MCN is a straight line (as is MBN).

i. Ois the circumcentre of the A MNC and of MNB as well.

The © with centre O and radius OM passes through all the points M, A,C, N, B.

Since M N is the a.s. of BC, the points M, N are the centres of the arcs BC.

Atora

Ma cuirtear pointe B ar phointe C de bharr chasta ar bith, leagtar dronline ar bith tré
B fan na dronline sin tré C a theagmhaios leis an gcéad cheann ar an gciorcal trid B, C
agus lar an chasta.

[ Feicfear i dteoirim XXV céard a tharlaios don line BC féin.]°

4Even though a proof by contradition would be easier, this one is particularly interesting.
5Tadhli ag C (san imeall)
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Corollary. If a point B is placed on a point C by any rotation, any straight line through
B is moved to that straight line through C that meets the first one on the circle that passes
through B, C and the centre of the rotation.

[ It will be seen in Theorem 25 what happens to the line BC itself.]®

A marginal note in the MSS says: Tangent at C.
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CAIBIDIL 7. UILLEACHA I GCIORCAL. TADLAITHE

Tosach leathanach 77 sa LSS.

7.3

7.4

Cleisteanna

. Cruthuigh gur dronuilleég é gach /7 c6imhchiorcalach.

. Ma sintear slios ceathairshleasdin chéimhchiocalaigh, teaspédin gurb ionann an

uille amuigh agus an uille ata 6s a cdir istigh. Luaidh an casadh a chuireas ceann
acu ar an gceann eile.

. M4;s pointi iad M agus A atd ar aon taobh amhdin den bhonn BC ionas go bhfuil

MBA=MCA, cruthuigh nach féidir an ©MBA an line AC a ghearradh i bpointe ar
bith eile thairis C gan teoirim XXI a bhréagna’

Tabhair, ar an gcuma sin, cruthtnas neadréach i gcéir Tr. XXII.

Uilleacha féirliontacha is ea uillinn atd ar aghaidh a chéile i gceathairshleasan.
Cruthuigh gur 4-shleasdn c6imhchiorcalach é.

. Siad BL,CM na hingir 6 B, C ar shleasa AC agus BA an A ABC. Cruthuigh gur

pointi c6imhchiorcalachaiad B,C, L, M.

Uilleacha sa teascan céanna iad BPC, PQC. Luaidh casadh a leagfas uille acu ar
an gceann eile.

Exercises

. Prove that each cyclic /7 is a rectangle.

If a side of a cyclic quadrilateral is extended, show that the external angle is equal
to the opposite inside angle. State the rotation that will move one of them on the
other one.

. If the points M and A are on the same side of the base BC so that MBA=MCA,

prove that the ©MBA and the line AC can only cut at C and at no other point,
without contradicting Theorem 21.

In that way, give a proof by contradiction for Theorem 21.

Opposite angles in a certain quadrilateral are complementary. Prove that it is a
cyclic quadrilateral .

. BL,CM are the perpendiculars from B, C one the sides AC and BA of the A ABC.

Prove that B, C, L, M are concyclic points.

BPC,PQC are angles in the same segment. Give a rotation that lays one of them
on the other.
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Tosach leathanach 78 sa LSS.

Téarma

Tugtar tadhlai ar dhronline a teagmhaios leis an imline in aon phointe amhdin (an
pointe tadhaill) agus nach bhfuil teagmhadil eile leis pé tre6 ina sintear an tadhlai.

Ta Fioghair anseo sa LSS, leathanach 78.

Ag pointe P den imline m4 tarraingitear an dronline tré P atd ingearach leis an nga
OP, is follasach go bhfuil gach pointe X den line sin (cé’s moite de P féin) taobh amuigh
den imline, mar OX > ga an ®OP (teoirim XIX).

.. Tadhlaiis ea PX.

Mar an gcéanna 'sé PX an t-aon tadhlai amhdin tré P, de bhri gurb é OP an fhad is
giorra idir O agus tadhlai ar bith tré P, agus fagann sin gurb é OP an t-ingear 6 O ar an
tadhlai.

Definition

A tangent is a straight line that meets the perimeter in a single point (the point of tan-
gency) and does not meet it again no matter how far or in which direction it may be
extended.

At a point P of the perimeter if we draw the straight line through P that is perpen-
diculer to the radius OP, it is clear that each point X of that line (apart from P itself)
outside the perimeter, for OX > the radius of the ©OP (Theorem 19).

» PX is atangent.

Similarly, PX is the only tangent through P, because OP is the shortest distance be-
tween O and any tangent through P, and it follows that OP is the perpendicular from O
on the tangent.
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Tosach leathanach 78 + 1 (gan uimbhir) sa LSS.

7.5 Teoirim XXIII

Is féidir dha thadhlai a thabhairt go dti ciorcal 6 phointe ar bith taobh amuigh.
Ta Fioghair anseo sa LSS, leathanach 78+1.
Abair gurb € O lar an o, agus gurb é P an pointe a tugtar.
Tégail:
Linigh an © gurb i OP a ldirline agus tabhair X is Y ar na pointi ina ngearrann sé an

© a tugtar.
'Siad PX agus PY an dé thadhlai 6 P.

Cruthunas:
Uille leithchiorcail is ea 6‘)2?, ionas gur dronuille é (Teoirim XXI).
Fagann sin PX 1 leis an nga OX.
»’Sé PX an tadhlai ag X, agus mar an gcéanna 'sé PY an tadhlaiag Y.

Theorem 23. It is possible to draw two tangents to a circle from any point outside it.

Suppse O is the centre of the ®, and that P is the given point.

Construction:

Draw the © with diameter OP and call the points where it cuts the given circle X and
Y.

PX and PY are the two tangents from P.

Proof:
OXY is a half-circle angle, so that it is a right angle (Theorem 21).
It follows that PX L to the radius OX.
. PX is the tangent at X, and in the same way PY is the tangentat Y.

Atoral

Scéatha a chéile in OP isea PX agus PY.

Atora 2

Ma cuirtear dronline ar dhronline eile le casadh timpeall phointe O, tadhlann gach
dronline acu o airithe gurb é O a lar.

Mar pointe ar chdmhroinnteoir na huilleann eatoru is ea O, agus is comhthada na hingir
uaidh ar an d4 line.
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Téarma

Ma thagann dh4 chiorail le chéile ag pointe P i gcaoi go dtadhlann dronline tré P an da
chiorcal, deirtear go dtadhlann an dé chiorcal sin a chéile ag P.

Corollary 1. PX and PY are reflections of one another in OP.

Corollary 2. If a rotation about the point O places one straight line on another, then both
straight lines are tangent to a certain © with centre O.

For O is a point on the bisector of the angle bwteen them, and the perpendiculars from
it onto the two lines have the same length.

Definition

If two circles meets at a point P in such a way that some straight line through P is tangent
to both circles, then we say that those two circles are tangent to one another at P.

7.6 Teoirim XXIV

Ma thadhlann dhaé chiorcail a chéile, t4 an pointe tadhaill ar dhronline cheangail na
lar.

Ta Fioghair anseo sa LSS, leathanach 78+1, bun.

Hipotéis:Tadhlann PZ an da chiorcal.

Tétall:
Luigheann P ar an dronline OO;.

Cruthtnas:
De bhri gur tadhlai é PZ don d4 o, luigheann O agus O, ar an ingear le PZ ag P.
.. Aon dronline amhadin is ea POO;. O

Theorem 24. If two circle are tangent to one another, then the point of contact is on the
straight line joining the centres.

Hypothesis:Tadhlann PZ an da chiorcal.

Conclusion:
P lies on the straight line OO;.

Proof:
Since P Z is tangent to the two ®, O and O; lie on the perpendicular to PZ ag P.
» POOQ;iis a single straight line . O
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Tosach leathanach 79 sa LSS.

7.7 Teoirim XXV

T4 an uille idir thadhlai ciorcail agus cérda ar bith tré’n bpointe tadhaill, c6imhionann
leis an uillinn san teascan altéarnach.

Ta Fioghair anseo sa LSS, leathanach 79.

Hipotéis:Tadhlai agus corda is ea AT agus AB, agus pointe ar bith sa teascan ACB is ea
X.

Tatall:
Taa; = @.

Té6géil:-Tarraing an larline AC; agus faigh M lar an stua ACX.

Cruthanas:

Dronuilleacha is ea CXA (uille leithchiorcail), agus CAT (idir l4irline agus an tadhlai.)

;. Ta CXA=CAT.

De bharr chasta tré’n uillinn XMA timpeall M, cuirtear X ar A, agus leagtar XC fan
AC (teoirim XXI).

Agus de thairbhe CXA=CAT, is fan an tadhlai AT a leagtar X A.

Ach is fan na line AB aleagtar X B (teoirim XXI).

.1. Cuirtear & anuas go cruinn ar @;. .. Td a; = a. O

Theorem 25. The angle between a tangent to a circle and any chord through the point of
contact is equal to the angle in the alternate segment.

Hypothesis:AT is a tangent and AB is a chord, and X is any point in the segment ACB.

Conclusion:
a; =a.
Construction:Draw the diameter AC; and find M, the centre of the arc ACX.

Proof:

CXA is a right angle (angle of a semicircle), and so is CAT (between diameter and
the tangent.)

. CXA=CAT.

When we rotate through the angle XMA about M , X is placed on A, and XC is laid
along AC (Theorem 21).

And since CXA=CAT, it follows that X A. is laid along the tangent AT.

But X B is laid along the line AB (Theorem 21).

A. @ islaid exactlyon @;. . &; = a. O
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Atora

T4 PAB (f6irlion @) = uille an mhionteascain AB.

Cleachtaithe
1. Cruthuigh gur dronuilleég é gach parallélogram céimhchiorcalach.

2. M4 sintear slios ceathairshleasdin ch6imhchiorcalaigh, teaspédin gurb ionann an
uille amuigh agus an uillinn 6s a céir istigh.

Corollary. The angle PAB (the complement of the angle &) = the angle of the minor
segment AB.

Exercises

1. Prove that every cyclic parallelogram is a rectangle

2. If aside of a cyclic quadrilateral is extended, show that the external angle is equal
to the opposite inside angle.
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Tosach leathanach 80 (ata i ndiaidh 79+1 sa LSS) sa LSS.

Cleachtaithe

1.

Tadhlann dh4 chiorcai a chéile ag T, agus ar dhd chérda TX agus TY i gciorcal
acuisiad TL, T M na c6rdai a ghearras a @ eile. Cruthuigh (i) go bhfuil LM|| le XY,
agus (ii) go bhfuil na tadhlaithe ag L agus X parallélach.

. Triantdn i gciorcal is ea ABC, agus is i bpointe P a teagmhaios an tadhlai ag A leis

an mbonn BC. Cruthuigh go bhfuil uilleacha an triantdin PAB céimhionann le
h-uilleacha an triantdin PCA.

'Siad P agus Q pointi teagmhadla dh4 chiorcal ar lair déibh O agus O, agus cérda
dubailte ar bith is ea LP M.

Cruthuigh go bhfuil uilleacha an ALMQ céimgionann le h-uilleacha an AOO; P.
Ceathairshleasdn céimhchioralach is ea ABCD, agus tagann na sleasa AB is DC

le chéile in X. Faigh scath na line BC i gcomhroinnteoir na h-uilleann BXC, agus
cruthuigh go bhfuil sé || le AD.

. Pointi is ea X,Y, Z ar na sleasa BC,CA, AB sa triantdn ABC. Tagann an 0 AY Z

agus an ©BZX le chéile aris in D.

Cruthuigh gur pointi c6imhchiorcalacha iad C, X, Y, D, ionas go dtéigheann an
OCXY tré D freisin.
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Tosach leathanach 79+1, gan uimhir sa LSS.

I gceist 5 mé tharlaionn go bhfuil X, Y, Z in aon dronline amhdin, cruthuigh go
bhfuil D ar iomchiorcal an AABC freisin.

Triantan i gciorcal is ea ABC agus 'sé M lar an stua BC a ghabhas an uille A. Tar-
raingitear ingir M X agus MY ar na sleasa AB agus AC. Tré chasadh timpeall M,
cruthuigh:—

(a) go bhfuil an da thriantdn BXM agus CY M congruach;

(b) mé’s ar A; a cuirtear A, go bhfuil AY = YA;; AX = AY = 1(AB+AC); BX=CY =
leath na difriochta idir AB is AC;

(c) go bhfuil BMX=CMY = leath na difriochta idir na h-uilleacha B agus C.

I gceist 7 md’siad NP agus NQ na h-ingir ar na sleasa AB, AC 6 lar an stua BAC,
cruthuigh (i) go bhfuil BP = CQ = }(AB + AC); (ii) go bhfuil AP = AQ = leath na
difriochta idir AB is AC.

Exersises

1.

Two circles are tangent to one another at 7, and on two chords TX and TY in one
of the circle TL, T M are the chords that cut the other ©. Prove (i) that LM|| to XY,
and (ii) that the tangents at L and X are parallel.

ABC is a triangle inscribed in a circle, and P is the point where the tangent at
A meets the base BC. Prove that the angles in the triangle PAB are equal to the
angles in the triangle PCA.

. P and Q are the common points of two circles having centres O and O,, and LPM

is a double chord.

Prove that the angles of the ALMQ are equal to the angles of the AOO; P.

ABCD is a cyclic quadrilateral , and the sides AB and DC meet at X. Find the re-
flection of the line BC in the bisector of the angle BXC, and prove thatitis || to AD.

. X, Y, Z are points on the sides BC,CA, AB in the triangle ABC. The ©AY Z and the

©BZ X meet again at D.

Prove that the points C, X, Y, D are concyclic, so that the ©CXY passes through D
as well.

In Exercise 5 if it happens that X, Y, Z are in a single straight line, prove that D is
also on the circumcircle of the AABC.

ABC is a triangle inscribed in a circle, and M is the centre of the arc BC that sub-
tends the angle A. Perpendiculars M X and MY are drawn to the sides AB and AC.
By rotating around M, prove:—
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(a) that the two triangles BXM and CY M are congruent;
(b) if A; is where A is placed, that AY = YA;; AX =AY = 1(AB+ AC); BX=CY =

half the difference between AB and AC;

(c) that BMX=CMY = half the difference between the angles B and C.

. In Exercise 7 if NP and NQ are the perpendiculars on the sides AB, AC from the

centre of the arc BAC, prove (i) that BP = CQ = {(AB + AC); (ii) that AP = AQ =

half the difference between AB and AC.

Loci

Maé ghluaiseann pointe s6insedlach i gcaoi go bhfuil coinniolacha geométreacha 4 ch6imhli-
onadh aige ar feadh na gluaiseachta tugtar rian né locus an phointe ar an lab a ghineas

sé.

Iarrtar ar an léitheoir na samplai seo a thabhairt fa deara:

An Coinnioll

(@ T4 pointe soéinsedlach an fhad
chéanna 6 dha phointe shuite A, B.

(b) Ta pointe soéinsedlach an fhad
chéanna 6 dha dhronline shuite ¢, m.

(c) Pointe séinsedlach is ea P ionas go
thuil buan-fhairsinge sa APAB.

(d) Pointe so6insedlach is ea P ionas gur
buan-uille { APB.

M4’s dronuillei APB

An Rian

Ais shuiméitreachta na dronline AB
(teoirim IV)

Dhéa ais shuiméitrachta na linte ¢, m
ma’s linte teagmhdlacha iad, ach
dronline || leo ma’s linte || iad.

Dronline até || le AB (Teoirim XVI)

Stua ciorcail airithe tré A,B (Teoirim
X11)

Ciorcal ar AB mar larline.
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Tosach leathanach 81 sa LSS.

Dronline airithe tré P
[ sonnrai an tadhlai |

(e) Lar ciorcail is ea P a thadhlas o
dirithe (n6 dronline 4irithe) ag pointe
shuite A

Ciorcal comhldrach a ghabhas tré lar
choérda ar bith acu

(f) Lar corda sdinsedlaigh i gciorcal is ae
P, a bhtuil buab-fhad sa gcérda

Loci

If a variable point moves in such a way that some geometrical conditions are satisfied
while it moves, then the curve that it traces out is called a locus.

The reader is asked to consider the following examples:

The Condition

(a) The variable point is the same dis-
tance from two fixed points A, B.

(b) The variable point is the same dis-
tance from two fixed straight lines ¢, m.

(c) P is a point such that the APAB has
a fixed area.

(d) P is a variable point such that the
angle APB is constant.

APB is aright angle

The Locus

The axis of symmetry of the straight line
AB (Theorem 4)

The two axes of symmetry of the lines
¢, m if they are lines that meet, but a
straight line || to them if they are || lines.

A straight line || to AB (Theorem 16)

An arc of some circle through A, B (The-
orem 12)

the circle having AB as a diameter.

(e) P is the centre of some circle that is
tangent to a particular © (or a particular
straight line) at a fixed point A

(f) P is the centre of a variable chord in
a circle, where the chord has a constant
length.

A particular straight line through P
[ definition of the tangent]

A concentric circle that passes through
any the centre of any one of the chords.

Cleachtaithe

1. Faigh rian lar na gciorcal a thadhlas dha dronline.
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2. Faigh rian lar na gciorcal go bhfuil ga seasmhach ionntu agus a thadhlas ciorcal
airithe.

3. Teaspdin cé’n chaoi a linitear dhé chiorcal a bhfuil ga dirithe ionntu agus a thadhlas
amuigh da chiorcal a tugtar.

4. Tugtar dhé phointe A, B, agus dronline dirithe ¢. Aimsigh
(i) pointe in ¢ atd comhfhada 6 A agus B;

(ii) pointe P in ¢, ionas go mbeidh fairsinge dirithe sa APAB.

5. Aimsigh lar an chiorcail a ghabhas tré phointe shuite A, agus a thadhlas dronline
airithe ¢ ag pointe B a tugtar.

6. Tarraing © a thadhlas © dirithe ag pointe A a tugtar, agus a ghabhas tré phointe
airithe eile B.

7. Faigh rian an phointe shoinsealaigh P, mé’s eol go luigheann lar OP ar dhronline
airithe, ait gur pointe shuite é O a tugtar.

8. Ceangailtear pointi s6insedlach Q ar o airithe gurb é O a lar, le pointe shuite A.
'Sé P lar na dronline AQ. Cruthuigh go bhfuil fad sheasmhach idir P agus lar AO,
agus d’d chionn sin faigh rian an phointe P.

9. Tré phointe dirithe tarraing cérda ciorcail a mbeidh fad airithe ann.

10. Gearrann dh4d chiorcal a chéile in P agus Q agus is iad O is Oy, l4ir na gciorcail.
Coérda dubailte tré P is ea LPM. O bpointe C, lar-phointe naline OOy, tarraingitear
an t-ingear CZ ar LM.
Cruthuigh CP = CX it gurb é X lar an chérda dhibailte LP M agus d’4 chionn sin
faigh rian an phointe X.
Cleachtaithe

1. Find the locus of the centres of the circles tangent to two straight lines .

2. Find the locus of the circles of some fixed radius that are tangent to some particu-
lar circle.

3. Show how to draw two circles that have a particular radius and are externally tan-
gent to two given circles.

4. You are given two points A, B, and a particular straight line ¢. Find (i) a point in ¢
that is equidistant from A and B; (ii) a point P in ¢, such that the APAB will have
a specified area.

5. Find the centre of the circle that passes through a fixed point A, and that is tangent

to a a particular straight line ¢ at a given point B.
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6.

10.

Draw a @ that is tangent to a particul ® at a given point A, and that passes through
another particular point B.

Find the locus of the variable point P, if it is known that OP lies on a particular
straight line , where O is a given fixed point.

. Variable points Q on a particular © with centre O are joined to a fixed point A. P is

the centre of the straight line AQ. Prove that the distance from P to the centre of
AO is constant, and hence find the locus of the point P.

. Through a particular point draw a chord of a circle having a specified length.

Two circles cut one another at P and Q and O and O, are the centres of the cir-
cles. LPMis a double chord. Fromthe point C, the midpoint of the line OO, the
perpendicular CZ is drawn on LM.

prove that CP = CX where X is the centre of the double chord LPM and hence
find the locus of the point X.
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Tosach leathanach 82 sa LSS.

Ceist 1

Teascan ciorcail a thégdil ar bhonn dirithe agus uille an teascdin a bheith céimhionann
le h-uillinn 4irithe.

T4 Fioghair anseo sa LSS, leathanach 82.
Abair gurb é AB an bonn agus gurb € & an uille a tugtar.

Réiteach:

Tarraing an dronline AX a ghnios an uill & le AB.
Tégingear ar AX ag A a ghearas ais shuiméitreachta AB in O.
Linigh an © fd'n nga OA ar lar dé O. 'Sé ACB an stua a theileas.

Cruthanas:
De bhri go bhfuil O ar a.s. na line AB, td OA = OB, agus gabhann an © tré B freisin.
O tharla OAX= 90°, tadhlai is ea AX, ionas go bhfuil uille an teascdin ACB c6imh-
ionann le & (Teoirim XXIV).

Ceist 2
Coémhthadhlai a tharraingt go dti dhd chiorcal.
Ta Fioghair anseo sa LSS, leathanach 82.
Abair gurb iad O, O, lair na gciorcal ar gatha déibh R, r (R > r).

Réiteach:
Linigh an © darb ga R —r gurb € O a lar, agus tarraing tadhlai O; X 6’n bpointe O; go
dti é.
Sin OX go mbuailidh si an imline in Y, agus tarraing O, Z| le OY.
Cémhthadhlaiisea Y Z.

Cruthaunas:

Rinneadh OX = OY = 0, Z. ;. T4 XY = agus || le O, Z de réir tégala. Fdgann sin gur
/76 XY ZO; (Teoirim XIII), agus de bhri gur dronuille i OXO;, dronuillleég is ea é .

.. Dronuilleacha is ea ¥ agus Z, ionas go dtadhlann Y Z an da chiorcal.

Question 1

To construct a segment of a circle on a given base so that the angle of the segment will
be the same as a particular angle.
Suppose that AB is the base and that & is the given angle.

Solution:
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Draw the straight line AX making the angle & with AB.
Erect a perpendicular to AX at A cutting the axis of symmetry of AB at O.
Draw the © with radius OA and centre O.

ACB is the arc that suits.

Proof:

Since O is on the a.s. of the line AB, we have OA = OB, and the circle passes through
B as well.

Since OAX=90°, AX is a tangent, so that the angle of the segment ACB is equal to &
(Theorem 24).

Question 2

To draw a common tangent to two circles.
Suppose that O, O are the centres of the circles, and the radii are R, r (R > r).

Solution:

Draw the © of radius R — r with centre O, and draw the tangent O; X from the point
O] to it.

Extend OX to meet the perimeter at Y, and draw O, Z|| to OY'.

Then Y Z is a common tangent.

Proof:

Draw OX = 0Y =0, Z. .. XY = and || to O; Z by construction. It follows that XY Z0O,
isa /7 (Theorem 13), and since OXO; is a right angle, it is a rectangle.

.. Y and Z are right angles, so that Y Z is tangent to the two circles.



Atora 1. %Mwwﬂw@u&&fz,,MMM/Zu\oo,

Beitbosthaithe gﬁﬁ_nlg._ r‘f‘y&vwrz,w){z,_

A'GVZJLZ na e R ++ (me—r);ﬂ.ano /\Z\xﬁ P

/GMMM*‘*‘-MM ha bire PQ i OO, |

Netla MMWMM@%~?M /{q/f/iéaf;
wharn o teircail Ao hile b nAL phoelt dhifrila il ok Hhd
W@m,wm S Mhfel  Laoth solph oty © o Aagramar
xommz.

W%&oadw@ L{MWW Py
(odthold cmuigh & ach nil ot oo kel ol Aacthatl ibah €,

%WWWM . :

) M B (b TL) o meixwozwma%
Aarntdin ARC | Ko AR ;waca,da_qdw(c/.m .J--q?M ra n-willoann,,

?a?:%:_ﬂf*'\ S0 hosthlann. S Alessa oy Aanldec, an © o A a0 I
Go Wtk fo e © an wothon Lo om ingeor 6 T o hliso o 4tk Dnchgreat
G Niiar ki finglar of am peiveat miv | Se T on Aaindds B
L MHomgtelnra b O ok ammy o Lot 26 T, a phachleg arn Pho
BC <otigh apus a honhlos am Ad ofligo ehe amuit. Ciochioreal e
e hirehireai am Niarkiiin en & g, o T, an Aotiilds atc o
Cow e K. illeann A

) Decnbnlgh  gur ot Lre hevegail ra Lt a gheasuo on HA chink
toadlal ohieocka ahie %MWMM’C&M%c
GG B S AA
,_—9 TMMOM?A,%MMMM@XV.
ha'n o B a jlearas XY on combtbaslal og A ctutbuish ) g, Abful
_ BA= B> BY cgeo ) gur cvomedle € XAY




246 CAIBIDIL 7. UILLEACHA I GCIORCAL. TADLAITHE

Tosach leathanach 83 sa LSS.

Atoral
Is 1éir gur comhtadhlai eile é Y1 Z;, scath naline Y Z in OO;.

Coémbhthadhlaithe direacha a tugtar ar Y Z, agus Y; Z;.

Atora 2

Ma ’sé R+r (inionad R—r) gaan © alinitear gurlar d6 O, agus ma leantar den réiteach
thuasfocal ar thocal ina dhiaidh sin gheofar comhthadhlai eile PQ, d’a ngoirtear c6mh-
thadhlai treasnanach. Cémhthadhlai treasnanach eile is ea scath na line PQ in OO;.

Ta Fioghair anseo sa LSS, leathanach 83.

Nota

Ni bhionn ceithre tadhlaithe ann i cgdmhnai . M4 theagmhaionn na ciorcail le chéile i
ndé phointe dhifriula, nil ach dha chémhthadhlai acu, de bhri go bhfuilO, taobh istigh
den @ ar thagramar d¢ in atora 2.

M4 thadhlann an dé o le chéile, té tri comhthadhlaithe ann md’s tadhall amuigh é
ach nil thar cheann amhdéin ma’s tadhall istigh é .

Inchiorcal agus Eischiorcail Thriantain

I dteoirim B (Caib III) is comhfhada na hingir 6 I ar shleasa an triantdin ABC, de bhri
gur scatha a chéile iad gcomhroinnteoiri na n-uilleann.

Féagann sin go dtadhlann tri sleasa an triantdin an © ar lar do I go bhfuil ga an © sin
cothrom leis an ingear 6 I ar shlios ar bith. Inchiorcal an triantdin a tugtar ar an gciorcal
sin. 'Sé I an t-imlar.

Mar an gcéanna ta © eile ann, ar lar do I;, thadhlas an slios BC istigh agus a thadhlas
an d4 shlios eile amuigh. Eisciorcal de thri eischiorcail an triantdin is ea é,, agus 'sé I; an
t-eislar atd 6s c6ir na h-uilleann A.

Corollary 1. It is clear that Y, Z,, the reflection of the line Y Z in OO is another common
tangent.

Y Z, and Y, 7 are called direct common tangents.

Corollary 2. If R+ r (instead of R — r) were the radius of the ® drawn with centre O, and
if one followed the above solution word-for-word from then on, one would get another
common tangent PQ, which is known as a transverse common tangent. The reflection of
PQ in OO0, is another transverse common tangent.
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Note

There are not always four tangents. If the circles meets in two different points, there are
only two common tangents, because O is inside the ® we referred to in Corollary 2.

If the two circles are tangent to one another, there are three common tangents if it is
external tangency, but there is no more than one in the case of internal tangency.

The Incircle and Excircles of a Triangle

In Theorem B (Chapter III) the perpendiculars from I on the sides of the triangle ABC
are the same length, because they are reflections of one another in the bisectors of the
angles.

It follows that the three sides of the triangle are tangent to the © with centre I and ra-
dius equal to the perpendicular from I on any side at all. That circle is called the incircle
of the triangle. I is the incentre.

Similarly, there is another ©, with centre I;, tangent to the side BC inside and tangent
to the other two sides outside. It is one of the three excircles of the triangle, and I, is the
excentre opposite the angle A.
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Cleachtaithe

1.

10.

Deimhnigh gur ar line cheangail na lar a ghearras an d4 chémhthadhli dhireacha
a chéile, agus gurb amhlai don dé cheann eile é ma’s ann d6ibh.

. Tadhlann dhd ® amuigh ag A, agus cémhthadhlai direach is ea XY. Md’s in B a

ghearras XY an comhthadhlai ag A, cruthuigh (i) go bhfuil BA = BX = BY, agus
(ii) gur dronuille é XAY .

Tosach leathanach 84 sa LSS.

. Tré phointe A tarraing an dronline go bhfuil fad an ingir uirthi 6 phointe airithe B

comhfhada le line a tugtar.

. Tarraing tadhlai do chiorcal dirithe a bhéas || le dronline éirithe.

. Tarraingitear dha thadhlai ag foirchinn lairline agus gearrann siad mir AB ar thadhlai

ar bith eile. Cruthuigh go ngabhann AB dronuille ag lar an chiorcail.

Ceathairshleasdn is ea ABCD gur féidir © a inscriobhadh ann (i.e. t4 ® ann a
thadhlas na sleasa uilig istigh). Cruthuigh

AB+CD=BC+BD.

Cruithigh fa cheathairshleasdn coimhchiorcalach gur ar imline an chiorcail a bhuail-
eas comhroinntedir uilleann ar bith le comhroinntedir na huilleann 6s a céir amuigh.

. Tarraing tadhlai go dti ® ionas go mbeidh fad dirithe sa gcérda a ghearras © airithe

eile air.

. Tadhlann dha chiorcal istigh ag A, agus cérda ciorcail acu is ea XY a thadhlas an

ciorcal eile ag B. Cruthuigh gurb i AB cémhroinnteoir na h-uilleann XAY.

M4 'sé I inlar an A ABC, cruthuigh BIC=90° + L A.
Faigh rian imlar thriantdin gurb eol a bhonn agus a stuacuille.

Exercises

1.

Verify that the two direct common tangents meet on the line that joins the centres,
and that the same is the case for the other two if they exist.

. Two circles are externally-tangent at A, and XY is a direct common tangent. If B

is where XY cuts the common tangent at A, prove (i) that BA=BX = BY, and (ii)
that XAY is aright angle.

. Through a point A draw the straight line such that the length of the perpendicular

to it from a particular point B is the same as that of a given line.
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. Draw a tangent to a particular circle that will be || to a particular straight line .

Two tangents are drawn at the ends of a diameter and they cut a segment AB on
any other tangent. Prove that AB subtends a right angle at the centre of the circle.

ABCD is a quadrilateral in which a ® can be inscribed (i.e. there is a ® that is
tangent to all the sides inside). Prove

AB+CD=BC+BD.

. Prove that for any cyclic quadrilateral that the bisectors of opposite angles meet

on the circle through the vertices.

Draw a tangent to a © such that the tangent cuts another given circle in a chord of
specified length.

. Two circles are internally tangent at A, and XY is a chord of one circle and is tan-

gent to the other circle at B. Prove that AB is the bisector of the angle XAY .

If I is the incentre of the A ABC, prove BIC=90°+ 1A.
Find the locus of the incentre of the triangles having a given base and apex angle.
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CAIBIDIL 7. UILLEACHA I GCIORCAL. TADLAITHE

Tosach leathanach 85 sa LSS.

7.8 Ceisteanna Ilgnéitheacha

1.

10.

11.

Sa bparallélogram ABCD, treasndn is ea BD. Teagmhaionn comhroinntediri na
n-uilleann A agus C leis sna pointi X agus Y. Cruthaigh AX = agus || le CY.

Toég rhombus a bhéas comhfhairsing le parallélogram a tugtar.

. Ma ghearann o cérdai comhfhada ar thri sleasa an triantdin, ca bhfuil an 1ar? Tar-

raing ciorcal ionas go mbeidh na tri cérdai a ghearras sé ar shleasa an triantdin
c6mhfhada le mirline a tugtar duit.

I dtriantdn ar bith ABC tarraingitear dha chiorcal ar larlinte d6ibh AB agus AC.
Teaspdin go dteagmhaionn siad le chéile aris ar an shlios BC.

. Idtriantdn dronuilleach, cruthuigh go dtagann aisi suiméitreachta na slios le chéile

ag lar an hipoteus.

Triantan i gciorcal is ea ABC. Tarraingitear dronline parllélach leis an tadhlai ag A,
agus gearrann si AB, AC sna pointi X, Y. Cruthuigh go bhfuil na pointi X,Y,B,C
co6imhchiorcalach.

Tagann dha o le chéile ag P agus Q. Tré phointe ar bith X ar chiorcal acu tar-
raingitear nalinte X PA agus XQB a gharras an o eile sna pointi A agus B. Cruthuigh
go bhfuil AB || leis an tadhlai ag X.

. Pointe is ea X ar an slios AB sa /7 ABCD. Té dronline | le AB a ghearras na linte

AD, XD, XC,BC snapointi L, M, N, P. Cruthuigh go bhfuil fairsinge an /7 ABPL =
2AXDN.

. Tadhlann dha chiorcal a chéile ag X agus cérda dubailte is ea PXQ. Cruthuigh go

bhfuil uille an teascdin ar X P is gcioral acu cothrom leis an uillinn ar an teascan
XQ sa gceann eile.

Tarraingitear tadhlaithe 6 phointe shuite A go dti foirceann de ciorcail comhlédracha.
Faigh rian na bpointi tadhaill.

Tosach leathanach 86 sa LSS.

I gceathairshleasdin ar bith ABCD, ma comhroinntear dh4 uillinn chémhgharach
C, D cruthuigh go bhfuil an uille idir na comhroinnteéiri cothrom le leath shuim
Aagus B.

Ma comhroinntear na ceithre uilleacha, cruthuigh go ngintear ceathairshleasan
comhciorcalach leo.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

7.9

Gearrann dha line ingearacha a chéile ag O. Pointi orthuis ea X, Y. Ma shleamhn-
ionn X, Y orthu i gcaoin go bhfanann fad XY buan, faigh rian lar-phointe XY

Tagann dhd cérda chiorcail le chéile ag pointe istigh. Cruthuigh gurb ionann an
uille eatorru agus an uille a ghabhas leath-shuim a stua ag an imline.

M4d’s amuigh a ghearras siad a chéile cruthuigh nachmor leath na difriochta ard in
ait leath na suime.

Pointeis ea P ar treasnanB D san /7 ABCD. Cruthuigh AABD = ABCP ibhfairsinge.

Gluaiseann pointe P i gcaoin gur buan don uillinn idir an dé thadhlai 6 P go dti
ciorcal dirithe. Faigh rian P.

Sé O iomlar an AABC agus sé X lar an tsleasa AB. Cruthuigh AOX= C.

M4 'sé AD an t-ingear ar BC, cruthuigh go bhfuil OAD = an difriocht idir B agus
C.

Sa gceathairshleasan ABCD, ’sé O lar an treasndin BD agus pointe in BC is ea X

ionas go bhfuil OX| AC. Cruthuigh go gcomhroinneann AX an 4-shleasén.

Tagann dhd o le chéile in X, Y agus cérda dubailte is ea AXB. Gearrann na tadhl-
aithe ag A agus B le chéile ag C. Cruthuig CAY B c6imhchiorcalach.

Tosach leathanach 87 sa LSS.

Sa A ABC ’siad X, Y, Z ldir na slios BC,CA, AB agus 'sé AD an t-ingear 6 A ar BC.
Cruthulgh (i) gur scatha a chéile in YZ iad na A YZA agus Y ZD; (ii) go bhfuil
YXZ= YDZ (iii) go bgabhann an © XY Z tré D.

Ceathairshleasan é ABCD go dtagann AB agus DC le chéile in X, agus go dtagann
DA,CB le chéile in Y. Teagmhaionn na ® XBC agus Y AB le chéile in B agus i
bpointe eile Z. Cruthuigh (i) YZB= A, BXC=AXD, (ii) go ngabhann an © YDC
tré Z, (iii) mar an gcéanna go ngabhann an © ADX tré Z.

Sé sin le rd , maidir leis na ceithre triantdin a gintear le ceithre dronlinte ar bith, ta
pointe dirithe ar cheithre iomchiorcail na dtriantan sin.

Ma tharlaionn i gceist 20 gur ceathaircshleasan céimhchiorcalach é ABCD, teasp-
din go bhfuil X, Y, Z is aon dronline amhain.

Miscellaneous Exercises

. In the parallelogram ABCD, BD is a diagonal. The bisectors of the angles A and C

meet it in the points X and Y. Prove that AX =and | to CY.

Construct a rhombus having the same area as a given parallelogram.
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10.

11.

12.

13.

14.

15.

CAIBIDIL 7. UILLEACHA I GCIORCAL. TADLAITHE

. If a © cuts chords of equal length on the three sides of a triangle, where is the

centre?
Draw a circle with the property that the three chords it cuts on the sides of a trian-
gle have equal length, equal to some given line segment.

In any triangle ABC two circles are drawn having diameters AB and AC. Show that
they meet one another again on the side BC.

. In aright-angle triangle, prove that the axes of symmetry of the sides meet at the

centre of the hypotenuse.

ABC is a triangle inscribed in a circle. A straight line is drawn parallel to the tan-
gent at A, and it cuts AB, AC at the points X, Y. Prove that the points X, Y, B, C are
concyclic.

Two circles meet one another at P and Q. Through any point X one one of the
circles the lines XPA and XQB are drawn, cutting the other circle at the points A
and B. Prove that AB || to the tangent at X.

. X is a point on the side AB in the /7 ABCD. There is a straight line || to AB that

cuts the lines AD, XD, XC, BC at the points L, M, N, P. Prove that the area of the
/7 ABPL=2AXDN.

. Two circles are tangent to one another at X and PXQ is a double chord. Prove that

the angle of the segment on XP in one of the circles is equal to the angle of the
segment XQ in the other one.

Tangents are drawn from a fixed point A to the edges of concentric circles. Find
the locus of the points of tangency.

In any quadrilateral ABCD, if the two adjacent angles C, D are bisected, prove that
the angle between the bisectors is equal to half the sum of A and B.

If the four angles are bisected, prove that generates a cyclic quadrilateral .

Two perpendicular lines meet at O. X, Y are points on them. If X, Y slide on them

in such a way that the length of XY stays constant, find the locus of the midpoint
of XY.

Two chords of a circle meet at a point inside it. Prove that the angle between them
is equal to that subtended by half the sum of their arcs at the perimeter.

If they meet outside prove that you have to say half the difference instead of half
the sum.

P is a point on the diagonal BD in the /7 ABCD. Prove AABD = ABCP in area.

A point P moves so that the angle between the two tangents from P to a particular
circle is constant. Find the locus of P.
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16.

17.

18.

19.

20.

21.

O is the circumcentre of the AABC and X is the centre of the side AB. Prove that
AO0X=C.

If AD is the perpendicular on BC, prove that OAD = the difference between B and
C.

In the quadrilateral ABCD, the centre of the diagonal BD is O and X is a point BC
such that OX|| AC. Prove that AX bisects the quadrilateral .

Two @ meet at X, Y and AXB is a double chord. The tangents at A and B meet at
C. Prove that CAY B is concyclic.

In the A ABC the centres of the sides BC,CA, AB are X,Y,Z and AD is the per-
pendicular from A on BC. Prove (i) that A YZ A and Y ZD are reflections of one
another in Y Z. (ii) that Y XZ=Y D Z; (iii) that the ® XY Z passes through D.

ABCD is a quadrilateral for which AB and DC meet at X, and DA,CB meet at
Y. The ©XBC and Y AB meet one another at B and in another point Z. Prove (i)
YZB= A, BXC :m, (ii) that the © Y DC passes through Z, (iii) and similarly that
the ® AD X passes through Z.

That is to say, with regard to the four triangles generated by any four straight lines
at all, there is a special point on the four circumcircles of those triangles.

Ifit happens in Exercise 20 that the quadrilateral ABCD is cyclic, show that X, Y, Z
lie on a single straight line.
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Tosach leathanach 88 sa LSS.

7.10 Teoirmi Breise
Extra Theorems

7.11 Teoirim A

Is ionann dha chasadh as éadan agus casadh singil tré shuim algébrach na n-uilleann
(morab izéro n6 360° an tsuim).

Ta Fioghair anseo sa LSS, leathanach 88.

Hipotéis:

Castar an plana timpeall B agus C as éadan tré na h-uilleacha ﬁ is 7.
[1bhFiog1t4 f agus 7 deimhneach; in bhFiog II td 8 deimhneach ach t4 y ditltach.]
Togail:

Tarraing an line BA a leagtar fan BC de bharr an chasta timpeall B, agus an line CA
go leagtar CB uirthi sa gcasadh eile.

Abair gurb iad BI, CI cémhroinnteoiri na n-uilleann f is Y.

Is ionann an d4 chasadh agus casadh singil timpeall I.

Cruthanas:

Is ionann an casadh timpeall B agus dhd scdthu sna linte BI agus BC as a chéile
[Teoirim A, Caib III].

Mar an gcéanna is ionann an casadh timpeall C agus dhd scdthat sna linte CB agus
CI as éadan.

Ag cur na scéthuithe sin le chéile ddainn, ni miste neamhs-shuim a déanamh den da
scathi in BC as éadan, agus fagtar dhd scathtd in BI agus CI gur ionann le chéile iad
agus casadh timpeall I tré uillinn 26.

Ach, de thairbhe teoirme, ta 20 = ,3 +7v (Fiogh I), n6 26 = ,3 — v (Fiogh II). O

Theorem A. Two successive rotations are equivalent to single rotation through the alge-
braic sum of the angles (except when the sum is zero or 360°).

Hypothesis:
The plane is rotated around B and C in sequence through the angles 5 and y.
[ In FigI, B and 7 iare positive; in Fig II, § is positive but y is negative.]

Construction:

Draw the line BA which is laid along BC by the rotation about B, and the line CA on
which CB iis laid by the other rotation.

Suppose that B, CI are the bisectors of the angles B and Y.

The two rotations are equivalent to a single rotation about I.
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Proof:

The rotation about B is equivalent to two reflections in the lines BI and BC one after
the other [Theorem A, Chapter II1].

Similarly the rotation about C is equivalent to the two reflections in the lines CB and
CI iin order.

Putting those reflections together, we can ignore the two reflections BC after one
another, and we are left with two reflections in BI and CI which together are the same
as arotation about I through the angle 26.

But by a theorem, 20 = B+ 7 (Fig), or 20 = f — 7 (FigI). O

1. Md’s pointi iad X, Y ar dhd dhronline || le ¢ agus m ionas go bhfuil XY L le ¢,
teaspdin gurb ionann dhd scathu in ¢ agus m agus aistrit fan XY tré 2XY.

2. mad 'sé zéro (n6 360°) suimna h-uilleann g is y sa teoirim, cruthuigh gurb ionann
agus aistria dirithe an da scatha .

3. Sintear sleasa triantdin ABC, agus castar an pldna timpeall A, B, C as éadan tré na
huilleacha deimhneacha amuigh.

Teaspdin gurb ionann € sin agus aistriti fan na line CA ina gcuireann gach pointe
an fhad AB+BC+ CAde.

1. If X, Y are points on two straight lines || to £ and m so that XY 1 le ¢, show that
two reflections in £ and m are the same as the translation along XY through 2XY.

2. If the sum of the angles f and y in the theorem is zero (or 360°), prove that the two
reflections are cthe same as some translation.

3. The sides of a triangle ABC are extended, and the plane is rotated about A, B, C in
turn through the positive external angles.

Show that that is equivalent to the translation along the line CA in which each
point moves the distance AB + BC + CA.
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Tosach leathanach 89 sa LSS.

7.12 Teoirim B

I dtriantén ar bith linte c6imhreathacha is ea na hingir 6 na reanna ar na sleasa 6s a
gcoir.
T4 Fioghair anseo sa LSS, leathanach 89.

Hipotéis:

Isibpointe H a thagann na hingir BE is CF ar na sleasa AC, AB le chéile.
Tatall:

'Sé AH an tingear 6 A ar BC.
Tégail:

Linigh ionchiorcal an A, agus sin AH,BH,CH go dti X,Y, Z. Ceangail AY,CY.
Cruthunas:

’Os dronuilleacha iad E agus F, pointi c6imhchiorcalacha is ea A, F, H, E, ionas go
bhfuil @ =BAC (Teoirim XXI).

Ach tda BAC= (1 atd ar aon stua leis. .. Ta @ = @;.

= triantdn comhchosach is ea CHY, agus 6 tharla CE L le HY, scdtha a chéile in AC
isea Hagus Y.

Fégann sin ,3 = ,31, atd ar aon stua amhadin le C.

De thairbhe ﬁ = C, 4-shleasan coimhchiorcalach is ea HECD, agus 0’s dronuille E
(hipotesis), dronuille eile is ea D (Teoirim XXI). O

Theorem B. In any triangle at all the perpendiculars from the vertices on the opposite
sides are concurrent.

Hypothesis:
H is the point where the perpendiculars BE and CF on the sides AC, AB meet one
another.

Conclusion:
AH is the perpendicular from A on BC.

Construction:
Draw the circumcircle of the A, and extend AH,BH,CH to X, Y, Z. Join AY,CY.

Proof:

Since E and F are right angles, the points A, F, H, E are concyclic, so that @ =BAC
(Theorem 21).

But BAC= @; which is on the same arc. . T4 & = &.

» CHY is anisosceles triangle, and since CE L to HY, the points H and Y are reflec-
tions of one another in AC.
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It follows that 8 = 81, which is on the same arc as C.

Since 8 = C, the quadrilateral HECD is cyclic, and since F is a right angle (hypothe-
sis), D is also a right angle (Theorem 21). O
Téarma

Ingearlar a tugtar ar H; 'sé DEF triantdn bun na n-ingear.

Atoral
'Siad X, Y, Z scatha an phointe H sna sleasa BC,CA, AB.

Atora 2
'Siad A,B,C ldirnastuaY Z,Z X agus XY

Mar t4 ZC A=Y CA (scétha a chéile in AC), etc.

Atora3

Otharla HD = DX, HE=EY, HF = FX, té sleasa an ADEF | le sleasaan AXY Z.
'Sé H inldr an ADEF, agus 'siad A, B, C ha h-eisldir.

Definition
H is called the orthocentre; DEF is called the orthic triangle.
Corollary 1. X, Y, Z are the reflections of the point H in the sides BC,CA, AB.
Corollary 2. A, B,C are the centres of thearcs Y Z,ZX and XY
for ZCA=Y CA (reflections of one another in AC), etc.

Corollary 3. Since HD = DX, HE = EY, HF = FX, the sides of the ADEF || to the sides
ofthe AXY Z.
H s theincentre of the ADEF, and A, B, C are the excentres.
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Tosach leathanach 90 sa LSS.

7.13 Teoirim C

Tri pointi in aon dronline amhdin is ea scatha pointe ar imline chiorcail i sleasa thri-
antdain inscriobhthe.

Ta Fioghair anseo sa LSS, leathanach 90.
Hipotéis:
'Siad Py, P>, P53 scatha P sna sleasa BC,CA, AB.

Tétall:
Luigheann P; (agus P») ar line cheangail H agus P;.

Cruthanas:
'Sé B lar an stua ZX, agus 6 tharla XBC=CBH, ZBA=ABH, (Teoirim A),
td XBZ=2f. =XPZ X—Z

.. Cuirtear X P fan ZP de bharr chasta tré’n uillinn 23 timpeall B, gurb ionann é agus
dhé scathd in BC is BA as a chéile (Caib III).

'Sé HP) scith naline XP in BC, agus fdgann sin gur scdtha a chéile iad na linte HP,
agus ZP saslios AB.

.. T& P3, scath P in AB ar an line HP,, agus mar an gcéanna ta P, uirthi freisin.
[Pe ZP < P3e HP | O

Theorem C. The reflections of a point on the perimeter of a circle in the sides of any in-
scribed triangle are three collinear points.

Hypothesis:
P, P, P3 are the reflections of P in the sides BC,CA, AB.

Conclusion:
P53 (and P») lie on the line joining H and P;.

Proof:
B is the centre of the arc ZX, and since m:@, m:m, (Theorem A),
we have XBZ=2f. =XPZ X—Z

;. XP s placed along ZP by the rotation through the angle 23 about B, which is the
same as two reflections in BC and BA in turn (Chapter III).

H P, is the reflection of the line X P in BC, and iit follows that the lines HP; and ZP
are reflections of one another in the side AB.

= P3, the reflection of P in AB is on the line HP;, and in the same way P, s also on it.
[PEZP<:>P3€HP1] L]
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Atoral

Pointi c6imhlineacha is ea bun na n-ingear a tarraingitear ar shleasa thriantain 6 phoin-
te ar bith ar an iomchiorcal.

Mar siad ldir na linte PP, PP,, PP3 na tri bun sin, ionas go luigheann sian aaaaar an
dhronline tré lar PH ata || le PP, P3H.
Troighline P a tugtar ar an line ud.

Atora 2

Ma scéithtear i sleasa thriantdin dronline ar bith tré’n ingearlar, is tri dronlinte c6imh-
reathacha a gintear, agus tagann siad le chéile ar an iomchiorcal.

Corollary 1. The feet of the perpendiculars on the sides of a triangle from any point on
the circumcircle are collinear.

For those three feet are the centres of the line PPy, PP,, PP3 so that they lie on the
straight line through the centre of PH thatis || to Py P, P3H.
That line is called a Simson line.

Corollary 2. If any straight line through the orthocentre of a triangle is reflected in the
sides of the triangle, then the three straight lines that result are concurrent, and the point
where they meet is on the circumcircle.
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Tosach leathanach 91 sa LSS.

7.14 Teoirim D (Ciorcal Naoi bPointe an Triantain)

Lemma

Ma ceangailtear pointe socair H le pointe séinsedlach P ar imline chiorcail, luionn lar
na line ceangail ar chiorcal dirithe.

T4 Fioghair anseo sa LSS, leathanach 91.

M4 ’sé X lar HP agus ma 'sé N lar HO, is léir go bhfuil NX = 1OP. Athrionn X d’aréir
i gcaoi go bhfuil fad airithe idir é agus pointe socair N.
Fégann sin gur ciorcal € (ar lar d6 N) lorg an phointe X.

Teoirim D

I dtriantén ar bith, gabhann ciorcal tré na naoi bpointi seo; lar na slios, bun na n-
ingear 6 na reanna ar na sleasa, agus lar-phointi na linte a cheanglaios an t-ingearlar
agus reanna an triantain.

Ta Fioghair anseo sa LSS, leathanach 91.

Togail:

Tarraing AOA; an larline tré A. Ceangail A; B, A,C.
Cruthtunas:

O’s lairline i AA;, dronuille is ea A;BA, agus fagann sin go bhfuil A;B| le CH, mar
taid L le AB.

Mar an gcéanna td A,C| le BH, ionas gur //é BHCA;.

». Talar an tsleasa BC leath-bealaigh idir H agus A;.

Is1éir anois go gcomhroinneann na naoi bpointi a luaitear sa teoirim naoi linte dirithe
6 H go dti an imline, ionas go luionn siad féin ar chiorcal darb ga }OA, go bhfuil a lar
leath-bealaigh idir H agus O.

Ciorcal naoi bpointe an triantdin a tugtar ar an gciorcal sin.

Atora

O thérla A;O = OA agus AAM —MH, tdOM = }AH.

Theorem D (The Nine-point Circle of the Triangle)

Lemma. Ifa fixed point H is joined to a variable point P on the perimeter of a circle, then
the centres of the join-lines lie on a certain circle
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If X is the centre of HP and if N is the centre of HO, it is clear that NX = {OP. So
it follows that X moves is such a way as to keep a fixed distance between it an the fixed
point N.

It follows that the locus of the point X is a circle (with centre N).

Theorem D. In any triangle at all a circle passes through these nine points: the centres of
the sides, the feet of the perpendiculars from the vertices on the sides, and the centres of
the lines that join the orthocentre to the vertices of the triangle.

Construction:
Draw AOA; the diameter through A. Join A;B, A;C.

Proof:

Since AA; is a diameter, A;BA is a right angle, and it follows that A; B|| to CH, for
they are L to AB.

In the same way, A;C| to BH, sothat BHCA; isa//.

= The centre of the side BC is halfway between H and A;.

It is now clear that the nine points mentioned in the theorem bisect nine particular
lines from H to the perimeter, so that they theemselves lie on a circle with radius {OA
and with centre halfway between H and O.

That circle is called the nine-point circle of the triangle.

Corollary. Since A;O = 0A and AyM - MH, we have OM = 1 AH.
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Tosach leathanach 92 sa LSS.

Cleachtaithe

1.

10.

Ma 'sé H ingearlar an AABC, deimhnigh gur ingearlar é gach pointe de na ceithre
cinn A, B, C, H, sa triantdn ar reanna dho na tri pointi eile.

Teaspdin gurb é an t-aon chiocal amhdin é ciorcail naoi bpointe na dtriantdn ABC,
HAB, HBC, HCA.

Sa AABC ’sé I an t-inldr agus siad I, I», Is na heislair. Cruthuigh gur triantan agus
a ingearlar a dhealbhionn na pointi I, Iy, I, I5.

. M4 ’sé X lar na line II;, teaspdin go bhfuil X ar an gciorcal ABC agus cruthuigh

XI=XB=XC.

Deimhnigh freisin gurb é X lar an stua BC thios, agus gurb € larphointe I, I3 1ar an
stua BC thuas.

. Crutuigh gurb iad 180° —2A, 180° — 2B, 180° — 2C uilleacha thriantdin bun na n-

ingear.

. Faigh an uille a ghabhas an slios BC ag an ingearlar H.

Aimsigh rian H nuair is eol bonn agus staucuille an triantéin.

Sa gcds céanna faigh rian lar chiorcail na naoi bpointe.

Tadhlann an slios BC inchiorcal an triantdin ag P, agus is ag Q a thadhlas sé an
t-eischiorcal atd 6scéir A.

Cruthuigh (i) 2BP = AB+ BC - CA; (ii) 2BP=BC+ CA—- AB.

. Tarraingitear na tadhlaithe ag A, B, C d’iomchiorcal an AABC.

Teaspdin go ngintear A leo gurb ionann a uilleacha agus uilleach thriantdin bhunna
n-ingear.

. Triantan a thogail gurb eol ionaid na dtri n-eislair ann.

. Pointe ar iomchiorcal an AABC is ea P, agus is i bpointe Q a ghearras an t-ingear

0 P ar BC an chiorcal ABC aris. 'Sé X scath an ingearlair in BC.

Cruthuigh (i) gur scéatha a chéile iad AQ agus XP in ais shuiméitreachta AX; (ii)
go bhfuil AQ| le HP,, agus le le troighline an phointe P; (iii) go bhfuil lar AP, ar
chiorcal na naoi bpointe.

Mad’s foirchinn léarline iad PR sa gciorcal ABC cruthuigh go bhfuil troighllite na
bpointi sin de réir an AABC ingearach le chéile, agus go ngearrann siad ar chiorcal
na naoi bpointe.

[Lide: na linte tré A at4 || leo a bhreithit i dtosach.]
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11. Maidir leis na ceithre triantdin a gintear le ceithre dronlite ar bith, agus an pointe
O ina dtagann a n-iomchiorcail le chéile (feic leathanach 255) cruthuigh:—

(1) gur pointe é O go bhfuil a scatha sna ceithre dronlinte c6imlineach;
(3)i go luigheann ingearldir na gceithre dtriantdin san dronline sin;

(3) gur dronline i an line cheangail go bhfuil a scatha sna ceithre dronlinte c6imh-
reathach.
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Tosach leathanach 93 sa LSS.

Pointe taobh istigh an dtriantdn ABC is ea P. Siad L, M, N lair na slios BC,CA, AB,
agus siad X, Y, Z lair na linte PA, PB, PC. Tagann na ©NXY agus LY Z le chéile in
Y agus i bpointe eile K, abair.

Cruthuigh (i) NKY=ABP, YKL=PBC; (ii) go ngabhann an o NLM tré K freisin;
(iii) mar an gcéanna go ngabhann an o M Z X trid.

’Sé sin, maidir leis na ceithre triantdin a gintear 6 cheithre phointi ar bith, ta pointe
amhdin ar chiorcail naoi bpointe na gceithre triantdn sin, san am chéanna.

Exercises

1.

If H is the orthocentre of the AABC, verify that each of the four points A, B,C, H is
the orthocentre of the triangle having the other three as vertices.

Show that all the triangles ABC, HAB, HBC, HC A have the same nine-point circle.

. Inthe AABC the incentre is I and the excentres are I, I, I3. Prove that the points

I, I, I, I3 determine a triangle and its orthocentre.

. If X is the centre of the line I1;, show that X iis on the circle ABC and prove X =

XB=XC.

Verify as well that X is the centre of the lower arc BC, and that the centre of I, I3 is
the centre of the upper arc BC.

Prove that 180° — 2 A, 180° — 2B, 180° — 2C are the angles in the orthic triangle.

Find the angle that the side BC subtends at the orthocentre H.
Find the locus of H when the base and apex angle of the triangle are given.

In the same case find the locus of the centre of the nine-point circle.

The side BC is tangent to the incircle at P, and it is tangent to the excircle opposite
Aat Q.

Prove (i) 2BP = AB+ BC—-CA; (ii)) 2BP=BC+CA—- AB.

The tangents at A, B, C to the circumcircle of the AABC are drawn.
Show that a A is generated by them that has the same angles as the orthic triangle.

To construct a triangle when the positions of the three excentres are known.

. P is a point on the circumcircle of the AABC, and Q is the point where the per-

pendicular from P on BC cuts the circle ABC again. X is the reflection of the
orthocentre in BC.
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Prove (i) that AQ and XP are reflections of one another in the axis of symmetry of
AX; (ii) that AQ| to HPy, and to the Simson line of the point P; (iii) that the centre
of AP, is on the nine-point circle.

If P and R are the extremeties of a diameter of the circle ABC, prove that the Sim-
son line of those points with respect to the triangle AABC are perpendicular to
one another, and that they meet on the nine-point circle.

[Hint: consider first the lines through A that are || to them.]

With regard to the four triangles that can be made from four arbitrary straight
lines, and the point O in which their circumcircles meet (see page 257) prove:—
(1) that the reflections of the point O in the four straight lines are collinear;

(2) That the orthocentres of the four triangles lie on that line;

(3) that the reflections of that line in the four lines concurrent.

P is a point inside the triangle ABC. The centres of vthe sides BC,CA, AB are
L,M,N, and X, Y, Z are the centres of the lines PA,PB,PC. The oNXY and LY Z
meet at Y and in another point K, say.

Prove (i) NKY=ABP, YKL=PBC; (i) that the ® NLM also passes through K; (iii)
similarly, that the ® M Z X passes through it.

That is, with regard to the four triangles generated by four arbitrary points, there
is a single point that lies on ithe nine-point circles of those four triangles.
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Caibidil 8
Toradh Dha Dhronline

Tosach leathanach 94 sa LSS.

The Product of Two Straight Lines

Ma té fad a agus b in dha dhronline éirithe is follasach cé’n chaoi a n-aimsitear dronline
eile a mbeidh fad a + b innti (n6 fad a — b nuair ata a > b).

Maé’s mian linn foradh dha dhronline a bhreacadh ar bhealach geométrach, nil aon
chaoi a chuimhnedis an léitheoir uirthi né fairsinge na dronuilleoige a gintear 6ndd line
sin a tharraingt chuige. Nior mhor a beith cinnte 4fach go dtagann an “toradh" seo le
riallacha an mhéaduithe de réir Algébair: e.g. go mbeadh x(a+ b+ c¢) = xa+xb+ xc. Is
furasta a theaspdint go bhfuil si sin amhlaidh.

Ta Fioghair anseo sa LSS, leathanach 94.

Tarraing ar dhronline ar bith na mireanna AX, XY,Y Z ata a, b, ¢ ar thad. Tarraing
ingear ag A a bhfuil fad x ann, agus slanuigh na dronuilleoga AZCD etc.
De bhrigo bhfuilan dron. AZCD cothrom leis na tri dronuilleoga AXED, XYFE,Y ZCF
le chéile, ta
x(a+b+c)=xa+xb+ xc.

If a and b are the lengths of two given straight lines , then it is straightforward to find
another straight line having length a + b (or length a — b, when a > b).

If we want to get the product of two straight lines in a geometric way, the only way
that will come to the reader’s mind is to use the area of the rectangle generated by those
two lines. It is necessary, however, to check that this ‘product’ respects the rules of mul-
tiplication according to Algebra: e.g. that x(a+ b+ c) = xa+ xb + xc. It is easy to show
that this is the case.

Draw on any straight line segments AX, XY, Y Z of length a, b, c. Draw a perpendic-
ular at A with length x, and complete the rectangles AZCD etc.

Since the rectangle AZCD is equal to the three rectangles AXED, XYFE,Y ZCF to-
gether, we have

x(a+b+c)=xa+xb+ xc.

277
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Nota 1l

'Sé AP - PB a scriobhtar chun fairsinge na dronuilleoige ar sleasa dhi AP agus PB a
chombhartht . Ciallaionn AP? an chearnég Ap - AP.

Nota 2

Is léir 6’'n dronuilleog, ar sleasa dhi a + b agus ¢ + d, go bhfuil (a+ b)(c+d) = ac+ ad +
bc+ bd.

e.g. nuaira=c,b=d, td (a+b)* = a’? +2ab+ b>.

> Sa bhFiog. thuas t4
AY? = (AX+XY)?>= AX?+2AX - XY + XY2.

De bhri go dtagann tora dhé dhronline le gnath-rialacha Algébair, is féidir teoirmi
geométracha a gnothu le modh algébrach.

Note 1

We write AP-PB to represent the area of the rectangle with sides AP and PB. The mean-
ing of AP? is the square AP - AP.

Note 2

Itis clear from the rectangle with sides a+b and c+d, that (a+b)(c+d) = ac+ad+bc+bd.
e.g. when a = ¢,b = d, we have (a+ b)? = a* + 2ab + b*.
= In the Fig above, we have
AY? = (AX+XY)? = AX?+2AX- XY + XY?,
Since the product of two straight lines agrees with the ordinary rules of Algebra, it is
possible to prove geometric theorems by algebraic methods.
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Tosach leathanach 95 sa LSS.

E.G.

(a) Méd’s istigh a roinneann P an dronline AB ar lar di O, agus mé td AO = a,OP = x, t4
AP=a+x; PB=a-—x.

Ta Fioghair anseo sa LSS, leathanach 95.

Is soiléir anois de réir algébar go bhfuil,

I' AP+PB = 20P
II' AP-PB AO? — OP?
IIT AP?+ PB? 2A0% +20P?

Is minic a bainfear feidhm as na teoirmi sin.
(b) Mé’s amuigh a roinneann P an line AB, agus

Ta Fioghair anseo sa LSS, leathanach 95.

ma cuirtear AO = a, OP = x, aris, faightear AP =x+a, PB=x—a.

I' AP+ PB = 20P
II' AP-PB OP? — 0A?
IIT AP?+ PB? 20P? +20A?

Ar an taobh eile dhe is féidir teoirmi albébracha 4irithe a 1éirit de réir geométrachta.

E.G.

(a) If P divides the straight line AB with centre O internally, and if AO = a,OP = x, we
have
AP=a+x;, PB=a-x.

It is now clear by algebra that

I' AP+PB = 20P
II' AP-PB AOQ? — OP?
IIT' AP?+ PB? 2A0% +20P?

This theorem is much used.
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(b) If P divides the line AB externally, and if we put AO = a, OP = x, again, we get AP =
x+a, PB=x-a.

I' AP+PB = 20P
II' AP-PB OP? — 0 A?
IIT AP?+ PB? 20P? +20A?

On the other hand it is possible to illustrate algebraic theorems geometrically.
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Sampla 1

Breacadh geométreach na teoirme (a— b)? = a® — 2ab + b a thabhairt.

Ta Fioghair anseo sa LSS, leathanach 95.

Tégail:
Biodh AB = a,PB = b, ionas go bhfuil AP = a— b. T6g cearn6ga ABCD,PALM, ar
AB agus PB. Déan XD = PB = b, agus tarraing X Z| AB.

Cruthanas:
OthérlaBL=CZ=b,ta ZL=BC = a.
= Isionann le ab gach dronuille6g MLZY agus X ZCD.

Tosach leathanach 96 sa LSS.

De bhri go bhfuil AX = a— b= AP, cearnég is ea APY X gurb ionann é agus (a — c)?.
Ach td an chearn6g AC + an chearn6g M B

= an chearn6g AY + 2ab

i a+2+b*=(a-b)?*+2ab,né (a-b)?=a*>-2ab+ b

Sample 1

To give a geometric version of the theorem (a— b)?> = a®> —2ab + b?.

Construction:
Let AB=a,PB = b, so that AP = a— b. Construct squares ABCD, PALM, on AB and
PB. Make XD = PB = b, and draw X 7| AB.

Proof:
Since BL=CZ = b, we have ZL=BC = a.

.. abis equal to each of the rectangles MLZY and X ZCD.
Since AX = a—b= AP, APY X is a square iwhich is equal to (a — c)?.
But the square AC + the square M B

= the square AY + 2ab
i a+2+b*>=(a-b?+2ab,or (a-b)?=a®-2ab+ b O
Sampla 2

Breacadh geométrach na teoirme (a+ b)(a—b) = a? — b? a thabhairt.

T4 Fioghair anseo sa LSS, leathanach 96.

Togail:
Toégna cearndga AC, AQ ar AB = a, AP = b. Déan CE = b agus slanuigh an dronuille6g
PBEF.

Cruthanas:
De bhri go bhfuil RD = a—- b = GC, agus go bhfuil DG = b = CE, is ionann an da
dhron. RG agus GE.
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Féagann sin go bhfuil an dron. PE = an dron. PC + an dron. RG.
Ach td an dron. PC+ an dron. PG = AB? — AP?.
= Tdan dron. PE = AB* - AD? né6 (a— b)(a+b) = a* - b*.

Sample 2

To give a geometric illustration of the theorem (a+ b)(a—b) = a® - b2,

Construction:
Construct squares AC, AQ on AB = a, AP = b. Make CE = b and complete the rect-
angle PBEF.

Proof:
Since RD =a—-b=GC, and DG = b = CE, the two rectangles RG and GE are equal.
It follows that the rect. PE = the rect. PC + the rect. RG.
But the rect. PC+ the rect. PG = AB?> — AP?.
.. therect. PE = AB?> — AD? or (a—b)(a+Db) = a* - b*. O

Ceisteanna

1. Teaspdin le fioghair go bhfuil an chearnég ar dhronline nios mo6 faoi cheathair na
an chearnég ar leath na line.

2. Tabhair breacadh geométrach i gcoir:i—
(i) ala-b) = a® - ab,

(i) (a+ b)? = a® +2ab + b>.

Questions

1. Show with a figure that the square on a straight line is four times greater than the
square on half the line.

2. Give geometric illustrations for:—
(i) ala—b) = a® - ab,

(i) (a+ b)? = a®+2ab + b>.
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Tosach leathanach 97 sa LSS.

8.1 TeoirimlI

Ma ghabhann cérdai ciorcail tré’n bpointe céanna, is buan fhairsinge an dronuilleog
fa mhireanna gach cérda.

Casl

Nuair is istigh a ghearra na cérdai

T4 Fioghair anseo sa LSS, leathanach 97.

Abair gur céda ar bith é AB tré’n bpointe socair P sa ciorcal ar lar d6 O agus ar ga d6 R.

Tarraing an t-ingear OM ar AB, a chomhroinneas é .
Teaspéinfear go bhfuil AP- PB = R> — OP?.

Cruthanas:
O tharla AM = MB, td AP-PB = (AM + MP)(AM — MP).
Is ionann é sin agus (AM? + MO?) — (MP? + MO?) = R> - OP2.

AP-PB = R?> - OP?.

Baineann R? — OP? leis an bpointe P, ach td sé neamhspedch den chérda ar leith a tar-
raingitear tré P, iona gi bhfuil an fhairsinge bhuan R?—OP? san dronuilleoig f4 mhireanna
fach cérda.

Cas 1l

Nuair a ghabhas na coérdai tré phointe P amuigh.

Ta Fioghair anseo sa LSS, leathanach 97.
Teaspainfear go bhfuil PA- PB = OP? — R?.

Cruthtnas:

T4 PA-PB=(PM+ MA)(PM—MA) = PM? - MA?
Is ionann é sin agus (PM? + OM?) — (M A?> + OM?) = OP? - R?.
-. T4 an dronuilleog f4 mhireanna gach cérda = OP? — R?,

Theorem (8-1). If chords of a circle pass through the same point, then the area of the
rectangles on the two pieces of each chord is constant.
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Casel

When the chords meet inside

Suppose AB is any chord through the fixed point P in the circle with centre O and
radius R.

Draw the perpendicular OM on AB, bisecting it.

We shall show that AP - PB = R* — OP?.

Proof:
Since AM = MB, we have AP-PB = (AM + MP)(AM — MP).
That is the same as (AM? + MO?) — (MP? + MO?) = R — OP2.

AP-PB = R?>-0OP?.

The quantity R?> — OP? involves the point Pt is independent of which particular chord is
drawn through P, so that the rectangle on the pieces of the chord has the constant area
R?*-OP?.

CasIl

When the chords pass through an outside point P.
We shall show that PA- PB = OP? - R?.

Proof:
We have PA-PB = (PM + MA)(PM — MA) = PM? - M A?.
That is the same as (PM? + OM?) — (M A> + OM?) = OP? — R?.
-. The rectangle on the pieces of each chord is = OP? — R O



S8

Aopl s donkeg, © P?‘a&w%g,m'@am,;{
Pwiﬁaﬁﬁm%w PT™ = PA.PB &k jus eviriaar
LA So PE AB, Kodllop. PT an O ase ag T

o sa s ore & prt - op o1/ oT ATz 0P

R - %#-Mﬂ? P, egmdi%'%_%i_ﬁ*ﬂf A

,/Vﬂ'/{é._ A chartde. 'éwm-;. X é_féli‘ a-uu_th 2o o WLQ@_(,*4

Hortrn e o Ahess Comh

| o] /é‘faxw;* '._.'_'.i_ ot

A

—————

oG SRR T T
CETAWERTTE ATy
B TR SRR

~ —naa ¥ Sy =
| S AB 30 E chuw. g imbewid, BE = BC . iy O or
3 » N i 7
| F— on Lairbire AE ogus Ain, BL Joﬁﬁ%&@i@_ﬂn;,w
| o T jsg_%i&eﬂfy_ﬂ_ﬁ‘%_‘t _W_J_A_%J

Qe thaitie Lowome T Z= AB BE = BX.BY = BX por

AN Ak BE = B,

| v I am deon, . ABEO = BXE S 5
i_—_i_-'_“"i T e 000

) Dogbuiie A sn ABBE ap, e pg o & vogiar o0 BE
bvdbogh (0)  Bo.OC = AL W) 36 Aedhiomm AC o, |
Covent ADB o5 A agu AR i, i %{_&g@;&gj
Sa) o ) Mrentar, o Lih AR fowte A B daca X oS0,
- - Al XAC = ABC  Avithesh BC.CX = pc™ |
.:_ 39' Um;z&m-%ﬂmmw»%w 3 Ao Krantsr, auitty J

_—




8.1. TEOIRIM 1 289

Atoral
IgcasIl, ma’s é PT an tadhlai ag P, is soil éir 6'n triantan dronuilleach OT P go bhfuil

PT? = OP?>-R?>=PA-PB.

Tosach leathanach 98 sa LSS.

Atora 2

M4’s dronline é PT a tarraingitear go dti © 6 phointe P amuigh, ionas go bhfuil PT? =
PA-PB ait gur cérda ar bith tré P é AB, tadhlann PT at© sinag T.

Mar sa AOTP tugtar PT? = 0OP%2-0T? .i. OT? + PT? = OP?, ionas gur dronline é O/ﬂJ,
agus d’a bhri sin tadhlai is ea T P.

Corollary 1. In case II, if PT is the tangent at P, it is clear from the right-angle triangle
OTP that
PT*=0OP*-R*=PA-PB.

Corollary 2. IfPT is a straight line drawn to a ® from an outside point P, so that PT? =
PA- PB where AB is any chord through P, then PT is tangent to that © at T.

For in the AOTP we have PT? = OP?> — OT? i. OT? + PT? = OP?, so that the angle OTP
is a straight line, and hence TP is a tangent. O

Nota

De thairbhe Teoirme I is féidir an cheist seo a réiteach.

Ceist 1

Cearn6g a tharraint a bheas comhfhairsing le dronuilleoig airithe.

T4 Fioghair anseo sa LSS, leathanach 98.

Abair gurb é ABCD an dronuille6g a tugtar.

Réiteach:

Sin AB go dti E chun go mbeidh BE = BC. Tarraing © ar an ldilline AE, agus sin BC
go dteagmhaionn sé leis an gciorcal in X agus Y. ’Si an chearn6g ar BX an chearnég a
theileas.

Cruthtnas:

De thairbhe Teoirme I t4 AB-BE = BX-BY = BX?, mar td BX = BY de bhri go bhfuil
XY 1 leis an lairline AE.

Ach rinneadh BE = BC.

:. Td4an dron. ABCD = BX?.
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Note

Theorem 8-1 allows us to solve the following question:

Question 1

To draw a square having the same area as a given rectangle.
Suppose that ABCD is the given rectangle.

Solution:
Extend AB to E to make BE = BC. Draw a ® on the diameter AE, and extend BC to
meet the circle at X and Y. The square on BX is a square that suits.

Proof:

By Theorem 8-1we have AB-BE = BX-BY = BX?, because we have BX = BY be-
cause XY 1 to the diameter AE.

But we made BE = BC.

.. The rectangle ABCD = BX?. O

Ceisteanna

1. Isdronuille{ Asa AABC agus 'sé AD an t-ingear ar BC. Cruthuigh
(@) BD-DC = AD?.
(b) go dtadhlann AC an ciorcal ADB ag A agus d4 chionn sin go bhfuil

BC-CD = AC?.

2. Idtriant4n ar bith ABC pointe in BC is ea X ionas go bhfuil XAC=ABC. Cruthuigh

BC-CX = AC?.

3. Tarraing cearn6g a bheas comhfhairsing le triantan dirithe.
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Tosach leathanach 99 sa LSS.

4. 1 dtriantan ar bith ABC ’sé AD an t-ingear 6 A ar BC, agus 'sé BE an t-ingear 6 B
ar AC. Cruthuigh BC-CD = AC-CE.

Ta Fioghair anseo sa LSS, leathanach 99.

Questions

1. Aisaright angle in the AABC and AD is the perpendicular on BC. Prove
(@) BD-DC = AD.
(b) that AC is tangent to the circle ADB at A and as a result that

BC-CD = AC?.

2. In any triangle ABC the point X in BC is such that XAC=ABC. Prove that

BC-CX = AC?.

3. Draw a square that has the same area as a given triangle.

4. In any triangle ABC the perpendicular from A on BC, is AD, and the perpedicular
from B on AC. is BE. Prove BC-CD = AC-CE.

Téarma

T4 Fioghair anseo sa LSS, leathanach 99.

M4d’s iad X, Y bun na n-ingear 6 A agus B are dhronline ¢, 'sé XY leagan na dronline
AB ar ¢. M4 théarlaionn go bhfuil Aar ¢, ’sé AY leagan AB ar /.

8.2 Teoirim II

Mé’s géaruille a ghabhas slios i dtriantén, is ionann an chearnd6g ar an slios sin agus
suim na gcearn6g ar an dd shlios a chrioslaionn an gh éaruille minus dubailt na dronuilleoige
fa shlios acu agus leagan an tslios eile air.

T4 Fioghair anseo sa LSS, leathanach 99.

Abair gur géaruille é B san triantan ABC, agus go bhfuil AX 1 BC. T4 le crutt go bhfuil
AC*= AB*+ BC*-2CB- BX.

Cruthtnas:
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O’n dtriantan dronuilleach CX A faightear AX? = AC? — CX?, agus mar an gcéanna
td AX? = AB* - BX?. Scriobh CB - BX in dit CX.

C? - (CB-BX)?> = AB*>- BX>.

.i.AC*—CB*+2CB-BX - BX* = AB* - BX".
Féagann sin AC?> - CB%+2CB-BX = AB?, n6 AC?> = AB*>+ BC?-2CB-BX. O

Nota
[Féach Teoirim XXII Caib. V néta.]

Definition

If X, Y are the feet of the perpendiculars from A and B on a straight line ¢, then XY is
the projection of the straight line AB on ¢. 1f it happens that A is on ¢, then AY is the
projection of AB on ¢.

Theorem (8-2). If a side of a triangle subtends an acute angle, then the square on that
side is equal to the sum of the squares on the two sides that embrace the acute angle minus
twice the rectangle on one of those sides and the projection of the other side on it.

Suppose that B is an acute angle in the triangle ABC, and that AX L BC. We have to
prove that AC?> = AB?>+ BC? -2CB- BX.

Proof:
From the right-angle triangleh C XA we get AX? = AC? — CX?, and similarly we have
AX? = AB?> — BX?. Write CB — BX in place of CX.

C? - (CB-BX)?> = AB*> - BX>.

.i.AC>*-CB?*+2CB-BX - BX?> = AB*> - BX>.
It follows that AC?>— CB?+2CB-BX = AB?, or AC?>= AB?>+ BC?-2CB-BX. O

Note

[See the note after Theorem 22 in Chapter V.]
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Tosach leathanach 100 sa LSS.

8.3 Teoirim III

Ma’s maoluille a ghabhas slios i dtriantdn, is ionann an chearn6g ar an slios sin agus
suim na gcearn6g ar an da shlios a chrioslaionn an mhaoluille plus dabailt na dronuilleoige
fa shlios acu agus leagan an tsleasa eile air.

Téa Fioghair anseo sa LSS, leathanach 100.

Abair gur maoluille é B sa triantan ABC, agus go bhfuil AX 1 BC.
T4 le crutht go bhfuil AC?> = AB?+ BC?+2BC-BX.

CruthGnas:
O’n triantan dronuilleach AXC td AX? = AC? — CX?, agus mar an gcéanna td AX? =
AB? — BX?. Scriobh BC + BX in it CX.
.. AC?>-(BC+BX)?= AB>-BX".
i. AC?-BC?-2BC-BX-BX?= AB?>- BX>.
Féagann sin AC?> -~ BC? -~ BC-BX = AB?,n6 AC?> = AB?> + BC*+2BC- BX.

Theorem (8-3). If a side in a triangle subtends an obtuse angle, then the square on that
side is equal to the sum of the squares on the two sides that embrace the obtuse angle plus
twice the rectangle on one of those sides and the projection of the other side on it.

Suppose that B is an obtuse angle in the triangle ABC, and that AX | BC.
We have to prove that AC?> = AB?>+ BC? +2BC-BX.

Proof:
From the right-angle triangle AXC we have AX? = AC? — CX?, and similarly AX? =
AB? — BX?%. Write BC + BX in place of CX.
. AC?* - (BC+BX)*= AB*-BX*.
i. AC*-BC?-2BC-BX-BX*= AB*-BX".
This gives AC?— BC> -~ BC-BX = AB?, n6 AC? = AB?> + BC*>+2BC- BX. O

8.4 TeoirimIV

Is ionann suim na gcearn6g ar dha shlios triantédin agus dubailt na cearndige ar leath
an tria shleasa maille le dubailt na cearndige ar an medanline a chomhroinneas an tria
slios.

Ta Fioghair anseo sa LSS, leathanach 100.

Sa AABC abair gurmednlineé AM (i.e. BM = MC), agus go bhfuil AX L BC.
T4 le crutd go bhfuil AB? + AC? =2MC? +2AM?.

Cruthtnas:
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Moran A comhchosach é ABC géaruille is ea uille amhéin den da uillinn fhéirliontacha
AMC,AMB, agus maoluille is ea an uille eile.

Sa A maoluilleach AMC, td AC* = AM?+ MC?+2CM - M X (Teoirim III).

Sa A géaruilleach AMB, td4 AC?> = AM? + MB? —2BM - M X (Teoirim II).

Ach tugtar MC = MB.

- Le suimit faightear AB? + AC?> =2MC? + 2AM?.

Theorem (8-4). The sum of the squares on two sides of a triangle is equal to twice the
square on half of the third side plus twice the square on the median that bisects the third
side.

In the AABC suppose AM is a median (i.e. BM = MC), and that AX | BC.
We have to prove that AB? + AC? = 2MC? +2AM?.

Proof:

Unless the A ABC is isosceles, one or other of the complementary angles AMC,AMB
is acute, and the other is obtuse.

In the obtuse-angled A AMC, we have AC? = AM?+MC?+2CM-MX (Theorem 8-3).

In the acute-angled triangle A AM B, we have AC? = AM?+MB?-2BM-MX (Teoirim
8-2).

But we are given that MC = MB.

- By adding we get AB? + AC? =2MC? +2AM?. O
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Tosach leathanach 101 sa LSS.

Ceisteanna

1.

2.

Sa triantdn ABC, td AC? = AB? + BC? + AB- BC; cruthuigh go bhfuil B = 120°.

[ dtriantan ar bith ABC deimhnigh gurb ionann na dronuilleoga AB fa leagan BC
ar AB, agus BC fa leagan AB ar BC.

Teaspdin gurb ionann suim na dgearnég ar shleasa pharallélogram agus suim na
gcearndg ar an d4 threasnan.

I dtriantdn ar bith is ionann suim na gcearnog ar na sleasa fa thri agus suim na
gcearnog ar na mednlinte f4 cheathair.

I gceathairshleasdn ar bith ABCD ’siad X, Y 1dir na dtreasndn AC agus BD.
Cruthuigh
AB? + BC*+CD?*+ DA? = AC*> + BD* +4XY?2.

De bhri gur c6rda é CX sa gciorcal ar an ldirline AC (Teoirim IV), cruthuigh
1 2 2
CM-MX = Z(AC — CB*).

Sa triantdn ABC td AB = AC agus sintear AB go dti D ionas go bhfuil AB = BD.
Cruthuigh CD? = AB? + 2BC?.

. Teagmhaijonn dh4 chiorcal le chéile in A agus B, agus pointe ar bith ar sineadh

AB is ea P. Teaspdin gur comhfhada na tadhlaithe a tarraingitear 6 P go dti an da
chiorcail.

. Faigh rian an phointe P a ghluaiseas i gcaoi go bhfuil AP?+PB? buan, 4it gur pointi

socra iad A agus B.

10. Sa triantdn ABC pointe in BC is ea K ionas go bhfuil mKC = nBK 4it gur uimh-
reacha iad m, n.
Cruthuigh
mAB® + nAC? = (m+ n) AK* + mBK* + nKC®.
Questions

1.

2.

In a triangle ABC, we have AC? = AB? + BC? + AB - BC; Prove that B =120°.

In any triangle at all ABC verify that the rectangles AB times the projection of BC
on AB, and BC times the projection of AB on BC are equal (in area).
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10.

. Show that the sum of the squares on the sides of a parallelogram is equal to the

sum of the squares on the two diagonals.

. In any triangle at all the sum of the squares on the sides times three is equal to the

sum of the squares on the medians times four.

. In any quadrilateral ABCD let X,Y be the centres of the diagonals AC and BD.

Prove
AB? + BC?>+ CD? + DA?> = AC?* + BD* +4XY?.

Using the fact that CX is a chord in the circle with diameter AC (Theorem 4), prove
that CM - MX = ;(AC? - CB?).

In the triangle ABC with AB = AC the side AB is extended to D so that AB = BD.
Prove that CD* = AB? + 2BC?.

. Two circles meet one another at A and B, and P is any point on the extension of

AB. Show that the tangents from P to the two circles are the same length.

Find the locus of the point P that moves so that AP? + PB? is constant, where the
points A and B are fixed.

In the triangle ABC a point K in BC is such that mKC = nBK where m, n are num-
bers.

Prove that
mAB? + nAC? = (m+ n) AK*> + mBK? + nKC?.
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Tosach leathanach 102 sa LSS.

8.5 An Chudromoid Chearnach san Geométracht

Nuair a tugtar dha mhirline atda agus b ar fad, is furasta an line v/ (a? + b?) a thogail de
thairbhe Theoirme Phutagorais.
Is féidir v/ (a? — b?) a aimsit mar seo a leanas, nuair a > b.

Ta Fioghair anseo sa LSS, leathanach 102.

Tarraing © ar ga d6 OA = a, agus ar an ingear ag A déan AB = b. Abair go ngearrann
an pharallél tré B an @ in Q, agus gurb é QP an t-ingear ar OA.
De bhri go bhfuil OA = a,PQ = b, OPQ=90°, t4 OP? = a?® — b*.

Nota

Ma déantar leith-chiorcal ar OA agus mé’s cérda é AX san gciorcal go bhfuil fad b ann,
feicfear go bhfuil 0X? = a? - b°.

8.6 The Quadratic Equation in Geometry

When two line segments that are of lengths a and b, it is easy to construct the line
V/ (a? + b?) with the aid of Pythagoras’ Theorem.

It is possible to find v/ (a? — b?) as follows, when a > b.

Draw a © with radius OA = a, and on the perpendicular at A make AB = b. Suppose
the parallel through B cuts the circle at Q, and that QP is the perpendicular on OA.

Since OA = a, PQ = b, OPQ=90°, we have OP? = a® — 1.

Note

If a semicircle is made on OA and if AX is a chord in the circle of length b, it will be seen
that 0X? = a® — b?.

An Chudromoid Chearnach

Isionann le chéile x*>—2ax—b? = 0 agus (x+a)? = a®+b?, ionas go gcinntear dhd réiteach
na chudroméide de réir x + a = +v/(a? + b?).

Mar an gcéanna, is ionann x? — 2ax + b?> = 0 agus (x—a)’ = a
a+\/(a® — b?) naréiteacha, dit a bhfuil a > b.

Isiomdha ceist san geométreacht gurb ionann i agus cudromoid chearnach a réiteach,
agus cé gur gndthach an obair a chéiriti i gcomharthaiocht geométreac 'si an obair chéanna
i agus réiteach algébrach na cudromoide. Is maith ann an leide nach féidir an cheist
a réiteach d’uireasa na line v/ (a? + b?) n6 v/ (a? — b?) de réir na cudromoide a bhfuil
gnotha againn leithu.

2_p?, agus siad x =



302 CAIBIDIL 8. TORADH DHA DHRONLINE

The Quadratic Equation

The equations x? —2ax — b* = 0 and (x + a)? = a® + b* are equivalent to one another, so
two solutions to the equation are determined according to x + a = £v/(a? + b?).

In the same way, the equations x2-2ax+b*=0and (x— a)? = a® - b? are equivalent,
and the solutions are x = a + \/(a? — b?), when a > b.

Many a question in geometry is equivalent to solving a quadratic equation, and even
though it is usual to organise the work in geometrical symbolism, it is the same work as
finding the algebraic solution of the equation. It is a good hint that the question cannot
be solved without using the line v/ (a? + b?) or v/ (a? — b?), depending on the equation
with which we are dealing.

Sampla 1

Dronline a roinnt i bpointe P istigh, ionas go mbeidh AP - PB = cearnég airithe b>.

Ta Fioghair anseo sa LSS, leathanach 102.

Réiteach:

Faigh Olar AB. Md’s é P an pointe atd 4 lorg biodh OA = OB = a, OP = x. Fdgann sin
AP=a+x;PB=a—-x.

Caithfidh (a + x)(a—x) = b?, i. x* = a®> — b?> n6 x = +v/(a® — b?).

Minitear thuas cé'n chaoi a n-aimsitear an line v/ (a? — b?) agus cinntear ionad P d’a
réir.

Is 1éir gur réiteach eile é P; (scath P in O); is don phréamh eile x = —/(a? - b?) a
threagraios seisean.

Sample 1

To divide a straight line at an inside point P, so that we will have AP-PB = a given square
b
Solution:

Find O, the centre of AB. If P is the point we seek, let OA = OB = a, OP = x. It follows
that AP=a+ x; PB=a- x.

We must have (a+ x)(a—x) = b?, .i. x> = a®> — b? or x = +/(a% — b?).

It is explained above how to find the line v/ (a2 — b?) and accordingly the position of
P is determined.

Clearly another solution is P; (the reflection of P in O); that corresponds to the other

root x = —v/(a? - b?).
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Tosach leathanach 103 sa LSS.

Sampla 2

Roinn an dronline AB ag bpointe P amuigh i gcaoi go mbeidh 2 AP? — PB? = 6 AB?.
T4 Fioghair anseo sa LSS, leathanach 103.

Réiteach:

Biodh AO = OB = a, OP = x ionas go bhfuil AP =x+a,PB=x-a.

Tugtar 2(x + a)2 —(x- a)2 = 24a2,

. x?+6ax=23a’?n6 (x+3a)® = +32a4°.

M4 td CA = AB = 2a, fagann sin CP = +a+/32.

M4 gearrtar BX = CB = 4a ar ingear ag B is 1éir go bhfuil CX = av/32, agus mé’s
in P a gearras an © gur ldir do C agus gur ga d6 CX an line AB céimhlionann P na
coinniollacha.

Gheofar pointe eile a fheileas ar an taobh eile de C.

Sample 2

Divide the straight line AB at an outside point P so that we will have2AP?> — PB? = 6 AB?.

Solution:

Let AO=0OB=a,OP=xsothat AP=x+a,PB=x-—a.

We are given that 2(x + a)? - (x—a)?= 24@2,

L x2+6ax=23a?or (x+3a)? = +32a°.

If CA= AB = 2a, it follows that CP = +a+/32.

If we cut BX = CB = 4a on a perpendicular at B it is clear that CX = av/32, and
if P is where the ® with centre C and radius CX cuts the line AB, then P satisfies the
conditions.

One finds another suitable point on the other side of C.

Sampla 3

Mean teascach a dhéanamh ar dhronline AB.
i. pointe P in AB a aimsit ionas go mbeidh AB-BP = AP?.

Ta Fioghair anseo sa LSS, leathanach 103.

Biodh AB =2a, AP = x, ionas go bhfuil PB =2a - x.
Tugtar 2a(2a— x) = x% i. X2 +2ax=4a*né (x + a)® =542

Fagann sin go bhfuil AP = a(v/5 - 1).

Chun teacht ar ionad an phointe P ni mér an line av/5 a thégdil is dtosach, agus
mé gearrtar BC = a ar ingear ag B is léir go bhfuil AC?> = AB? + BC? = 4a® + a®. :. T4
AC = av/5.

Nuair baintear CQ = CB = a den line sin faightear AB = a(v/5-1).
= Nuair gearrtar AD = AQ ar an line AB, 'sé P an pointe a bhi & lorg.
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Sample 3

To make the mean proportional cut of a straight line AB.
.. to find the point P in AB such that

AB-BP = AP?.

Let AB=2a, AP = x, so that PB =2a - x.

We are given 2a(2a — x) = x> .i. x> +2ax = 4a® or (x + a)® = 5a°.

It follows that AP = a(v/5—1).

To locate the position of the point P we have to construct the line av/5 first, and if
we cut BC = a on a perpendicular at B it is clear that AC?> = AB?> + BC? = 4a® + a®. .. we
have AC = aV/5.

Taking away CQ = CB = a from that line leaves AB = a(v/5 - 1).

. When AD = AQ is cut on the line AB, then P is the point we were seeking.

The point P is that which cuts the interval AB in two intervals such that AP is the

geometric mean of AB and BP, i.e.

AP _PB
AB AP’
I'm not sure what name is used for it. Perhaps it should be the ‘(internal) mean propor-

tional cut point’ of the interval, or ‘the point which divides the interval in mean propor-
tions’. Another possibility is the simple ‘mean cut’ or the ‘mean proportion point’.

Nota

Réiteach eileisea x = —(v/5+1)aq, agus mé cuirtear CR=CB =ale AC,td AR = a(v/5+1).
Mad’s é Q an pointe ar sineadh BA i gcaoi go bhfuil AQ = AR = a(Vv/5+1), gheobhfar
amach go bhfuil AB-BQ = AQ?.

Deirtear gurb é Q pointe mheédbteascaidh amuigh.

Note

Another solution is x = —(v/5 + 1)a, and if we add CR = CB = a to AC, we have AR =
a(v/5+1). If Q is the point on the extension of BA such that AQ = AR = a(v/5+ 1), it will
be found that AB- BQ = AQ?.

One says that Q is the external mean proportional cut point.
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Tosach leathanach 104 sa LSS.

8.7 Anailis Geométreach

Nuair ata teoirim le crutht (n6 ceist le réiteach) againn, nach léir diinn an cruthtnas
roimh ré , is féidir teacht ar an réiteach go minic ar an gcionn seo a leanas.

Glacle firinne na teoirme (no6 cuir i gcds go gcéimhlionann fioghair dirithe coinniollacha
na ceiste) gan cruthunas ar bith i dtosach. De thairbhe teoirmi eile até ar eolas againn tig
linn oibrit siar uaidh agus tétaill eile a ghnotht as. Md’s féidir sa gcaoi sin tatall dirithe a
fthail gurb eol a chrutiinas cheana agus gur leor firinne an tataill chun firinne ne teoirme
a dheimhnit, tig linn cruthtinas na teoirme a bhunu ar chruthtnas an t4taill.

8.8 Geometrical Analysis

When we have a theorem to prove (or a question to solve) and the proof is not clear to us
to start with, it is often possible to arrive at the solution by proceeding as follows:

Assume the truth of the theorem (or assume that some figure satisfies the conditions
of the question) without any proof to start with. By using other theorems that we know
we may be able to work back from it and derive other conclusions from it. If in that
way we find a conclusion whose proof was already known to us, and if the truth of that
conclusion is enough to allow us to verify the truth of the theorem, then we can base the
proof of the theorem on the proof of the conclusion.

e.g. (1)

Sa gceathairshleasan coimhchiorcalach ABCD tagann ne treasnain le chéile go h-ingearach
ag P. Cruthuigh go bhfuil line cheangail P le lar AB ingearach le CD.

T4 Fioghair anseo sa LSS, leathanach 104.

Tugtar (1) gur ceathairshleasan i gciorcal é ABCD, (2) go bhfuil APB= 90°, (3) go
bhfuil AM = MB.
T4 le cruthu go bhfuil PED =90°.

Anailis
De bhri gur dronuille é DPC, chun go mbeadh PED= 90°, ba leor a chruthii go bhfuil
DPE=90-D=PCE.
i. go bhfuil MPB=MBP (mar uilleacha sa teascin céanna is ea PCE agus MBD).
Ach 6 théarla MA = MB sa A dronuilleach PAB, is eol diainn gurb é M iomldr an
APAB, ionas go bhfuil MP = MB agus MBP=MPB.
Déaa bhri sin is féidir cruthtinas na teoirme a bhund ar chruthtinas na firinne MBP=MPB.
Fagtar fa’n 1éitheoir an crutinas a choiria .
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e.g. (1)

In the cyclic quadrilateral ABCD the diagonals meet at right angles at P. Prove that the
line joining P to the centre of AB is perpendicular to CD.

We are given (1) that ABCD is a quadrilateral inscribed in a circle, (2) that APB= 90°,
(3) that AM = MB.
We have to prove that PED =90°.

Analysis

Since DPC is a right angle, in order for PED= 90°, it would be enough to prove that
DPE=90- D =PCE.
i. that MPB=MBP (for the angles PCE and MBD are in the same segment).

But since M A = MB in the right-angle A PAB, we know that M is the circumcentre
of the APAB, so that MP = MB and MBP=MPB.

Therefore it is possible to base the proof of the theorem on the proof of the truth that
MBP=MPB.

It is left to the reader to lay out the proof.
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Tosach leathanach 105 sa LSS.

e.g. (2)
An uille36° a th6gail le Compas agus Riail.

Toisc gurb shin i an uille a ghabhas slios pentag6in rialta ag imline an iomchiorcail
(Teoirim Caib VII), is ceart diinn tréithe na fiograch sin a bhreithnit i dtosach.

Ta Fioghair anseo sa LSS, leathanach 105.

Anailis na Ceiste

Abair gur pentagoén rialta ¢ ABCDE, ionas go bhfuil 36° san uillinn a ghabhas gach slios
ag an imline. Ceangail DA, DB, BE.

T4 & = 36° = &, d’a réir, agus fagann sin DX = XB. Mar an gcéanna td f; = 72° =
@+ &, = f, ionas go bhfuilXB = BA.

. TaDX=XB=BA — (@).

De thairbhe &, = 36° = @, tadhlann AB ag B an ® DXB, ionas go bhfuilDA-AX = AB?
(teoirim ) = XD?, de réir (i).

Fagannsin DA-AX =X D? .i. déantar meéan-teascadh ar DA ag X — (ii)

Nuair tugtar DA, t4 X cinnteach de réir (ii), agus de bhri go bhfuil B an fhad XD 6 A
is 6 X de réir (i) socraionn sésin ionad B. Tig linn réiteach gonta a chéiriti anois mar seo:

Réiteach:

Déan line ar bith DA a mhedn-teascadh ag X ionas go bhfuilOA- AX = XD?. Le X
agus A mar ldir linigh o ar gatha d6ibh XD, a ghearras a chéile in B.

Ta ADB = 36°, agus ti DAB=DBA=72°.

Cruthtunas:

De thairbhe DA- AX = XD? = AB?, tadhlann AB an ©DXB. .. Td @, = a.

Ach de bharr XB = XD, td a; = &, ionas go bhfuil DBA= 24.

Mar an gcéanna de bharr AB = XB, td DAB= 8 = & + &, = 2@. Ach tasuim uilleacha
an ADAB =180°.

Fagann sin 5a = 180°, ionas go bhfuila = 36°, DAB=DBA=72°. O

e.g. (2)

To construct the angle 36° with ruler and compass.

In view of the fact that that is the angle subtended by a side of a regular pentagon at
the perimeter of its circumcircle (Theorem in Chapter 7), we should first of all consider
the properties of that figure.
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The Analysis of the Question

Suppose ABCDE is a regular pentagon, so that 36° is the angle subtended by each side
at the perimeter. Join DA, DB, BE.

We have @ = 36° = @; accordingly, and it follows that DX = XB. Similarly, §; = 72° =
@+ a; = B, so that XB = BA.

.DX=XB=BA — ().

On account of &, = 36° = &, AB is tangent at B to the ©DXB, so that DA- AX = AB?
(Theorem ) = XD?, by (i).

It follows that DA- AX = XD? .i. X makes the mean proportional cut on DA. — (ii)

When DA, is given, X is determined by (ii), and since B is a distance XD from A and
from X by (i) that determines the position of B. So we can arrange a quick solution like
this:

Solution:

Cut any line DA in mean proportion at X so that OA- AX = XD?. With X and A as
centres draw © with radii XD, cutting one another at B.

We have ADB =36°, and DAB=DBA=T72°.

Proof:

Since DA- AX = XD? = AB?, then AB is tangent to the ©DXB. :. & = @.

But since XB = XD, we have @&; = &, so that DBA=2a.

Similarly, since AB = X B, we have DAB= B =&+ a; = 2a. But the sum of the angles
of the ADAB =180°.

It follows that 5a = 180°, so that a = 36°, DAB=DBA= 72°. O
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Tosach leathanach 106 sa LSS.

Nota

Mé’s in Y a ghearras sineadh DE ar slios AB, gheofar amach go bhfuil AB- BY = AY? .i.
roinntear BA i mean-teascadh amuighag Y.

Tig linn an pentagon rialta a thogdéil ar AB mar seo:

Déan mean-teascadh amuigh ar BA ag Y, ionas go mbeidh AB-BY = AY?. Le A agus
B mar l4ir tarraing stuanna ar gatha déibh AY.

Ma4d’s i bpointe D a thagas siad le chéile, faigh E, C, 1dir na mion-stuanna DA is BB sa
gciorcal DAB. ’'Sé ABCDE an pentagon rialta.

Note

If the extension of DE cuts the side AB at Y, one finds that AB-BY = AY? .i. Y cuts BA
in mean proportion externally.

We can construct the regular pentagon on AB as follows:

Make the external mean proportion cut on BA ag Y, so that AB-BY = AY?. With A
and B as centres draw arcs with radius AY.

If they meets at a point D, find E, C, the centres of the minor arcs DA and BB in the
circle DAB. Then ABCDE is the regular pentagon.

Cleachtaithe

1. Roinn dronline &irithe i bpointe P amuigh chun go mbeidh

AP-PB = b°.

2. Faigh pointe P ar sineadh AB chun go mbeidh
(i) AP+ PB? = b?;
(i) AB?>+BP*>=2AP- PB.

3. Sa AABC isibpointe X a ghearras comhroinnteoir na h-uilleann A an iomchior-
cal, agus tagann AX is BC le chéile in Y. Cruthuigh

XA-XY = XB?.

4. Pointi ar lairline ® AB is ea C is D agus iad comhfhada ¢’n lar. Pointe ar bith san
imline is ea X. Cruthuigh

XC*+ XD*= AC* + AD?.
5. Mé’s pointe é X ar bhonn BC an A chémhchosaigh ABC, cruthuigh

AB? - AX?=BX- XC.
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6. Roinneann P an line AB istigh i gcaoi go bhfuil AB-BP = AP?, agus pointe san line
is ea X ionas go bhfuilPX = PB. Cruthuigh
AP-AX = XP?.
7. Faigh pointe X in AB istigh ionas go mbeidh
AB®+BX* =3AX".
8. Sa A comhchosach ABC gearrann paralléil le BC na sleasa AB is AC sna pointi
D, E. Cruthuigh
BE*-CE*=BC-DE.
9. Sa A comhchosach ABC,td B =C =2A. Cruthuigh
BC 1
—=—(V5-1).
=551
10. M4 sé OX ga an © ABCDE até ingearach leis an slios AB (dit gur pentag6n rialta é
ABCDE), cruthuigh go ndéanann ABE mean-teascadh istigh ar an nga OX.
Mad’sin Y a ghearras BE agus OX, teaspdin go bhfuil XY cothrom le slios decagén
rialta a inscriobhtar sa gciorcal.
11. M4 siad p, d sleasa an pentagdin agus an decagoéin rialta a inscriobhtar i gciorcal
gurb é R a ga, cruthuigh
p?+d* =R
Exercises
1. Divide a given straight line at a point P outside so that AP - PB = b?.
2. Find a point P on the extension of AB so that
(i) AP?>+ PB* = b%;
(i) AB>+ BP?>=2AP-PB.
3. Inthe AABC the point X is where the bisector of the angle A cuts the circumcircle,
and AX meets BC at Y. Prove that
XA-XY = XB?.
4. The points C and D lie on a diameter AB of a ® and they are equidistant from the

centre. The point X is somewhere on the perimeter. Prove that

XC? + XD? = AC? + AD?.
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5.

10.

11.

If X is a point on the base BC of the isosceles A ABC, prove that

AB? - AX?=BX- XC.

P divides the line AB internally so that AB-BP = AP? and X isa point on the line
such that PX = PB. Prove that

AP-AX = XP?.

Find a point X inside AB such that AB> + BX? =3AX?2.

. In the isosceles A ABC a parallel to BC cuts the sides AB and AC in the points

D, E. Prove that
BE?-CE*=BC-DE.

. In the isosceles A ABC, we have B = C = 2A. Prove that

BC 1
— =—(V5-1).
IV 2(\f5 )

If OX is the radius of the ® ABCDE that is perpendicular to the side AB (where
ABCDE is a regular pentagon), prove that ABE cuts the radius OX in internal
mean proportion.

If Y is the common point of BE and OX, show that XY is equal to the side of a
regular decagon inscribed in the circle.

If p, d are sides of a regular pentagon and a regular decagon inscribed in a circle of
radius R, prove that
p*+d* = R°.






Caibidil 9
Notes

9.1 Exercises on chapter 1

I am providing geogebra files for the material below, at this book’s page on the website
logicpress.ie. These can be freely downloaded, and will run when loaded into geogebra.
Geogebra is free, open-source software. You can download it for your computer from
geogebra.org.

Exercise I-3

In Figure 9.1, A,B,C, X and Y are placed at random, and then determine Z,R,S and T.
Loading the figure I-3.ggb into geogebra, you can pull the data A, B,C, X, Y around and
observe how the figure changes shape while R, S, T remain collinear (on the blue line).

This exercise is an interesting pedagogical innovation. The procedure is completely
elementary, and will not tax the abilities of any pupil. On the face of it, it just exercises
the student in the use of the terminology and of the ruler and pencil. If a whole class
of students tackle it independently, there should be a variety of figures resulting. It may
easily happen that some of R, S, T lie off the pupil’s page. This is not without interest
in itself, for various reasons, but initially pupils might be encouraged to vary the data
until they manage to get all three on their page. This should result in a sheaf of variant
diagrams, in all of which R, S, T are collinear. The same effect can be produced nowadays
by using geogebra (or any equivalent graphical aid).

For the student blessed with some curiosity, the outcome of the exercise might well
cause wonder. What is going on? If the student, then or later, begins to ask why this
works, then we are on the way: a mind has been opened to mathematics. The talented
student is left with a want.

Exercise I-4

This exercise is in the same spirit as I-3. I have provided a geogebra file I-4.ggb. A typical
diagram is shown in Figure 9.2. You can pull the data A, B, C, L, N, M around and observe
the result that the (blue) line through R and S always passes through T. The explanation

317
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Figure 9.2: Exercise -4

of the phenomenon that the students will observe lies in the fact that a pair of straight
lines constitute a (degenerate) conic, so the collinearity of R, S, T is a case of a theorem
about a hexagon inscribed in a conic.

The person who wants to understand this has a motive to find out about Pascal and
Brianchon. The teacher or elder guiding a young person will have to judge when it might
be appropriate to drop some hints about the wonders of algebraic geometry. For peo-
ple of Newell’s generation, the route into this paradise was Salmon’s Conic Sections[7],
leading on to the magic of the Italian masters of the nineteenth century. By my time, the
work of Emmy Noether had established the organic connection between the abstract
theory of rings and algebraic geometry, and I was motivated to view the subject through
the lens of sheaf theory.
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Figure 9.3: Exercise I-5

Exercise I-5

The geogebra file is I-5.ggb, and a typical diagram is in Figure 9.3. This time, we are look-
ing at the case where the conic is a circle. I gather that Pascal first noticed this case, and
then observed that, since the statements are all affine-invariant, the result must hold for
ahexagon inscribed in any ellipse. The general principle of invariance of functional rela-
tionships then tells us that it holds for generic conics, and continuity in projective space
tells us that it holds even for singular conics. I learned the result in 1967 from Richard
Timoney (Sr). He proved it using the algebraic properties of plane cubics. Specifically, a
(complex, projective) plane cubic is usually determined by nine points, but each cubic
through eight given points will pass through a particular ninth point. The general prin-
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ciple in the background was Bezout’s theorem that in the (complex projective) plane a
curve of degree m will meet a curve of degree n is exactly mn points, counting multi-
plicities appropriately. This in turn rests on the fundamental theorem of algebra, via the
use of resolvents.

These matters were common knowledge among educated Irishmen, back in the days
before the reforms of the seventies. Those days now now appear as a golden age of Irish
geometry.

9.2 Background

Some quotations

Here are some quotations from Susan Mac Donald’s Euclid Transmogrified, a book about
the history of the school geometry syllabus.

She reports on a lecture on Motion Geometry by MOT to the IMTA Galway branch in
February 1965:

Dr Newell first aroused our interest by outlining the history of Geometry
and then dealt at length with the Klein conception of Geometry. Finally, his
treatment of the Geometry of Euclid, from a Motion point of view, proved
most inspiring and made clear the importance and vital need of his work,
which he began in the early 1950’s. [3, p.190]:

On a lecture by David Simms, and an inspector’s reaction:

In Ireland during the academic year 1967/1968, two lecture courses in
modern mathematics for schoolteachers were provided by the Mathemat-
ics Department of Trinity College Dublin. One of these courses was a ten-
lecture course based on Choquet'’s Lenseignement de la géométrie given by
Professor David Simms of Trinity College Dublin, Simms states that he was
‘quite unaware of Papy’ at this stage; and that on announcing this series of
lectures, Conchitir O Caoimh came to him (Simms) and ‘indicated that he
[0 Caoimh] was unhappy that I was proposing to follow Choquet and not
Papy’. On the other hand, O Caoimh described Dr Martin J. Newell of Uni-
versity College Galway, who lectured on motion geometry to the IMTA in
1965, as a ‘great supporter’ of Papy. [3, p.189].

On a course given Bishop John Kirby:

Quoting from a set of notes that formed the basis of a series of lectures
that he gave to secondary and vocational teachers in St Peter’s Convent,
Athlone in July 1966, Kirby stated: ‘The lectures were given to teachers and
thus the notes are intended for teachers, they are of little or no value to
pupils. The notes are based largely on the work of Papy and Choquet as
found in Mathématique Moderne by Papy, and an essay in the Synopses for
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Modern Secondary School Mathematics published by the OEEC, by Cho-
quet’. Kirby quotes from sections concerned with the approach and content
of his course:

The approach we refer to here is the axiomatic, deductive ap-
proach, where from a certain number of undefined concepts and
unproven statements we make other statements and other defini-
tions and gradually build up a course of geometry on solid foun-
dations. First, we study those geometrical ideas and properties
which do not involve measurement and in this section we will not
use such terms as length, size or distance. This makes up what
is called affine geometry. Then in the second stage, we study the
geometrical properties of figures which depend on distance and
size of angles. This is called metrical geometry. The combina-
tion of these two distinct parts gives us the traditional geometry
of Euclid. The distinction between affine and metrical properties
of figures is important and helps to clarify the basic ideas for the
pupil. This approach was first outlined as far back as 1872 in a
speech by the famous geometer, Felix Klein. It was later elabo-
rated on by a secondary teacher, Herman Grassmann, and is now
in colleges on the Continent. ... Composition of central symme-
tries, central symmetry, the medians of a triangle, the image of a
line under central symmetry, central symmetry, co-ordinating the
line, Thales’ theorem ... homothety, what in Euclidean geometry
is called similar figures, similar triangles, composition of homo-
theties, dilations, metrical geometry, composition of orthogonal
symmetries, isometries, orthogonal projections, scalar product of
vectors.

Commenting on the content, Kirby states: ‘I'm protecting myself from its
obtuseness, early on, by saying it was intended for teachers, and it wasn't a
pupils’ text’ [3, pp190-191].

Wider context

We see that MOT’s book can be viewed as a contribution to the active international de-
bate about the best way to present geometry in secondary schools. This debate was
intense in the fifties and sixties of the last century.

I have stated views on this matter, and refer to my paper [6] and my paper with the
late Paddy Barry [2]. My opinion is that a secondary school course in geometry should
exist on three levels: level 1 (completely rigorous), level 2 (accessible to teachers and
strong students) and textbook. At present, in 2024, the Irish course is based on the level
1 account in Barry’s book [1] Geometry with Trigonometry and the level 2 account in
[5] Geometry course for post-primary school mathematics. Its success as a programme
depends on the availability of suitable textbooks and on teacher engagement.
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MOT’s book is intended as a textbook, and its use in schools would require the exis-
tence of level 1 and 2 versions of the geometry it presents. These versions would differ
significantly from those based on Barry’s book, or on Birkhoff’s geometry, or, indeed on
Euclid. From the remarks quoted earlier, it may be that MOT'’s text relies on level 1 and
2 accounts by Choquet or Papy. But Newell, as a researcher, was well-regarded as a pro-
ficient expert on Lie groups. Murnaghan wrote in 1957 [4] about group representations:

This theory is now better understood than it was when I wrote, some
twenty years ago, my book The Theory of Group Representations; and its ex-
position in the present lectures is considerably simpler than that in my book.
I may mention, for instrance, the treatment of the modification rules for the
rotation, symplectic and orthogonal groups, in which I have been able to use
with great profit the ideas of Professor M.J.Newell.

So it is not altogether clear that Newell did not have his own unique take on the ideal
structure for a level 1 account, and it would be interesting to see such an account in
place as a foundation for his text.

Note to Teachers

It would not be appropriate to have students preparing for the Irish Junior Certificate
examinations learn the proofs in MOT'’s text. The national examinations are set in the
context of the currently-prescribed syllabus, and the geometry in that syllabus is struc-
tured in a different way. So the proofs in Nuachtsa Céimseatan are not valid proofs in
that context.

9.3 Caibidil 1

Initial education in geometry, which I have categorised as level 3, must involve visual
and tactile experience with geometrical aspects of human experience. This has to pre-
ceed any reasoning about geometry, and should continue in tandem with reasoning.
Caibidil 1 begins at this level, and then moves to introduce the basic abstractions of ele-
mentary geometry: solid, surface, curve and point, straight line and circle.

Length

The concept of length is not defined, but is silently taken for granted. Ditto measure-
ment and dimension. We are told that a line has length but has no other measurements
(dimensions). We are not told what kind of thing this length is, but in exercises we are
invited to measure it with a ruler.

Iinfer that the underlying level 1 account incorporates the real number system, and
a metric on space.

We are told that the straight line AB is the shortest line between A and B. In other
words, straight lines are geodesics for the metric.
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We are told that there is exactly one straight line through each two given points. This
has to be an axiom at level 1.

(There is reference to sliding a line along itself. This preceeds any discussion of pla-
nar motions, and only seems to make sense if the context is a one-dimensional mani-
fold. The naive reader may understand this discussion in terms of rigid translation of
the whole planar surface in the direction of the line. It seems a bit premature here.)

Circles are defined in terms of length.

Planes

A plane is defined as a surface that contains the whole of each straight line as soon as it
meets it in two different points.

Alternative Worlds

It would be interesting the see how three readers would get on with his book:
 Eithne, who lives in a surface of constant curvature +1,
* Fiona, who lives in a surface of constant curvature 0, and
* Hypatia, who lives in a surface of constant curvature —1.

At what point, if any, would each reader begin to smell a rat?

Newell’s whole approach is based on the view of the plane as a homogeneous space
under the action of its isometry group. This is what lies behind all this stuff about sliding
a solid cyclinder inside a cyclindrical sleeve, sliding a solid sphere inside a ball socket,
and sliding a line along itself.
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