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ABSTRACT

Let E be a closed subset of the complex plane C. This paper concerns the closure
in Lip (o, E) for 0 < « < 1, of the space of rational functions with poles off E. It
may be regarded as a continuation of the author’s work in [4, 5, 6, 7). The main
result is that the tale of Lip 1 rational approximation is the same as that of C* rational
approximation. We also give an improvement of a result of Browder, concerning the
functions that satisfy the Cauchy-Riemann equations at the points of a compact set.

Let C* denote the space of bounded continuous complex-valued functions on C
with bounded continuous first partial derivatives. Forfe C!,let"

| Iflc: = sup|f] + sup |Vf|
where Vf = (f,, f,) is the gradient of f, and let

dr )

Z
a _ ;
%

Let Ebe aclosed subset of C,andlet0 < a < 1. Forf: E - C,let
Iflla.e = sup|f] + inf {x > 0 :|f(a) -f(b)| <x|a-b|° foralla,be E}.
E
Let

Llp ((Z, E) = {f: “f"aE < +(X)},
Lip « = Lip («, C).

Let %(E) denote the set of functions f'e C* such that fagrees with a rational function
on some neighbourhood of E. Let E? denote the derived set, or set of accumulation
points, of E.

Theorem 1. Let E be a closed subset of the complex plane, and let f be a function
in the class Lip (1, E). Then the following conditions are equivalent:

(4) fisthelimit in Lip (1, E) norm of a sequence of elements of Z(E).

(B) f has an extension f* in the class C?, and f* is the limit in C* norm of a
sequence of elements of Z(E).
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Proor. It is easy to see that (B) implies (4). To see that (4) implies (B), suppose
(A4) holds, and choose a sequence of functions f, € #(E) such that

Ifa=fll1,e— O )
The complex derivatives df,/dz form a Cauchy sequence (in the uniform norm on
E%) of continuous functions on £¢, and hence they converge, uniformly on compact
subsets of E? to a continuous function g. Extend g to a continuous function (also
denoted g) on E. It is easy to check that, given ¢ > 0 and C compact, C < E, there
exists & > 0 such that
|f(a) - £5) - g(B)a~b)| < € a~b|

whenever a, be C, ]a—b, < §. By Whitney’s extension theorem [3, p. 225], there
exists an extension f* of fin C*, such that df*/dz = gon E, and df*/dz = Oon E,

Lete > Obegiven. There exists an integer N such that
/2 ‘f'l;,z <e

whenevern > N. Fixn > N. Then

EREa

-~

dz dz

on E*. Thus
|V -Vf* <& M
on E¢, since df,/dz = df*/dz = 0 on E°. By continuity, there exists a closed neigh-
bourhood U = U, of E? such that (1) holds on U. Now E ~ U is locally-finite, so
we may modify f, off U, to obtain a function g, € #(E) and a closed neighbourhood
V of E such that
lign—S*l1,p < 2¢

(indeed, g, may be taken as constant on a neighbourhood of each point of E ~ U).
By Kirszbraun’s theorem [3, p. 201] about extending Lip 1 functions, we may modify
g, off ¥'to obtain a function k4, € #(E) such that

s —f*1,C < 4e,
and hence

n =S *lcx < 8e.
This completes the proof.

In order for a function in C! to be approximable in C! norm by functions in
R(E), it must satisfy the Cauchy-Riemann equation df/dz =0 at each point of E.
1 do not believe this condition is sufficient, but I know of no counterexample. For a
reasonably wide class of compact sets E the condition is sufficient, as may be seen by
using the constructive methods of [5]. Our second theorem shows that this condition
implies that the function is approximable by rationals in Lip o for all a /ess than 1,
The proof uses the technique of the Cauchy transform of distributions. We refer the
reader to [6] for the basic properties of this operator.

Theorem 2. Let E be a closed subset of C. Suppose fe C! and df/di = 0 on E.
Then for each «, 0 < a < 1, the function f belongs to the closure of Z(E) in

Lip («, E).
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PROOF. Let T be a continuous linear functional on Lip « that annihilates %(E).
Then the Cauchy transform 7‘: is a measure [6, Lemma 5] supported on E. Hence,
If = %‘(df/dz) = 0. By the separation theorem, f belongs to the closure of %(E)
in Lip o. A fortiori, f belongs to the closure of Z(E)in Lip («, E).

Remarks.

1. In view of the fact that Lip « convergence implies uniform convergence, Theorem
2 strengthens [1, Corollary (3.2.2)]. Consequently, it permits strengthening the con-
clusion of [2, (1.5) (iv)] and [9].

2. Dales and Davie [2], and Rubel [9] provide conditions on a function f: E -+ C
which guarantee the existence of a C* extension. (Dales and Davie consider compact
perfect sets in the plane, and Rubel considers compact sets in the plane. Both results
involve complex derivatives.) For a more comprehensive result of this kind, see [8].
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