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ANTHONY G. OFARRELL

In this paper we prove the following conjectures of Wang: Let ¢(r) be a positive
nondecreasing admissible function, let a be a point of a compact set X < C, let
A, ={zeC:27" < |z—a| < 27""'} and suppose that

3 29277y (4, ~ X) < oo,

n=1
where y denotes analytic capacity. Then (1) there exists a representing measure p
for @ on R(X) such that { ¢(lz—al) ™' d|ul(z) < oo, and (2) R(X) admits ¢ as a modulus
of approximate equicontinuity at a.

Let X be a compact subset of the complex plane C. We denote by 2#2(X) the space
of all functions, continuous on C and analytic on a neighbourhood of X. We denote
by R(X) the closure of £(X) with respect to the uniform norm on X:

ILflx = suplfi.
X

The uniform algebra R(X) has been studied intensively [1, 2, 3]. Apart from the
natural questions of uniform rational approximation, interest has focused on R(X)
as a source of counterexamples in the theory of Banach algebras. Indeed, the patho-
logical behaviour of R(X) is so extraordinary that any positive result seems impressive.
The most striking early result is Browder’s metric density theorem [1, p. 177] which
states that at any non-peak point ac X of R(X) the unit ball of R(X) is approximately
equicontinuous, i.e., for each & > 0 the set

{ze X :|f(2)—f(a)| < & for all fe R(X) with || f]lx < 1}

has full area density at a. This result was strengthened in various ways by the author
[5, 6, 7], Wang [9, 10}, Oksendal [8]} and Hayashi [4]. In particular, Wang [10]
showed that at almost all nonpeak points, and for all « less than 1, all the functions
belonging to the unit ball of R(X) satisfy a single Holder condition of order « on a
set of full density.

In his paper [10], Wang formulated three conditions, each of which might be
interpreted as saying that the functions belonging to R(X) are of a certain degree
of smoothness at the point a. To describe his conditions, we need some notation and
terminology.

An admissible function is a positive nondecreasing function ¢(r) on the interval
(0, o0) such that the associated function y(r) = r/¢(r) is also nondecreasing, with
Y(0+) = 0. We denote the (inner) analytic capacity of 'an open set ¥~ by y(¥")
[2, p. 196], and we set

A @) ={zeC: 27" < |z—a} < 27"}
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whenever ae C. A finite Borel—regular measure g on X is a (complex) representing
measure for a on R(X) if f (a) = | fdu whenever f€ R(X). We denote the total variation
measure of pu by |u|, and the fotal variation, {d|u|, of u by ||ul. For a function f
analytic at @, and a nonnegative integer p, we let

p D _
R @) =1@ - 5 L2 oy

j=0 j‘

be the “ error > at z of the p-th degree Taylor polynomial of f about a.
Let X be a compact subset of the plane, let ae X, let p be a nonnegative integer,
and let ¢(r) be an admissible function. Wang’s conditions are as follows:

(A) For each ¢ > 0, the set
{ze X : |RFf(2)| < ep(lz—al)lz—al” || f]|x for all fe R(X)}

has full area density at a.

(B) There exists a representing measure u for a on R(X) such that p{a} = 0 and
d|ul(z)
le—alg(z—al)

(C) The series

2P* (4, (@) ~ X)
Zl 27"

0
n=

converges.

To date, the known relations between these conditions are as follows.

(1) The three conditions are equivalent for ¢ = 1 (Melnikov, Hallstrom, Browder,
Wilken, Wang).

(2) B implies C (O’Farrell, Wang).
(3) B implies A (Wang).
(4) A does not imply C, in general (Wang). Hence A does not imply B.

Wang conjectured that C implies A and B. The purpose of the present paper is
to prove this conjecture and round off this subject. The final result is summarized
in the diagram:

A

RN

B D C

Since B implies A, it suffices to prove that C implies B. We shall in fact prove this
implication for arbitrary nondecreasing ¢. This allows us to treat the case p =10
without loss of generality.
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THEOREM. Let ¢(r) be a positive nondecreasing function on (0, o). Let X be a
compact subset of the plane, and let ae X. Suppose

© 2"y(A,(a) ~ X)
ST

Then a has a representing measure p on R(X) such that p{a} = 0 and

J’ d|ul(2)
—— < ®
¢(lz—al)

Proof. We may take a = 0 without loss of generality. We abbreviate 4, = A,(0).
Let f be continuous on clos4, and analytic off 4, ~ X.

Define -1 f(Z)
2mi z
bdyAn

where bdy4,, is given the usual orientation, leaving 4, on the left. By a theorem of
Melnikov [2, (vili. 12.6), p. 232],

IT.f1 < C2%(A4, ~ X1 f 14,

where C is a certain universal constant. By the Hahn-Banach theorem and the
Riesz representation theorem, there exists a Borel-—regular measure g, on closA4,
such that

Tl < C2%(4, ~ X)
and

T.f= [ fin,

whenever fis continuous on closA4, and analytic off 4, ~ X. Since Z2"y(4, ~ X) < o
we may define a finite measure v by setting

V=13 ,.

-8

Fix fe #(X). Since f is analytic on a neighbourhood of a, there exists a positive
integer N such that fis analytic inside and on the circle |z| = 27¥. Thus

fo=— [ L9
lzj=2-N
A0, 2 1 e
- 27 | III z dz_ngl 27 bde z =
=2—1 [ f()dz+ffdv

Let 0 denote the measure dz/2niz on the unit circle, and let u = 6+v. Then

£O) = [ fdu )
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whenever fe Z(X). If D is a closed disc disjoint from X, then £(X) contains every
continuous function which vanishes off D. Hence p has no mass on the interior of D.
Thus p is suppogted on X. It follows by continuity that (1) holds for all fe R(X).
Thus u represents 0 on R(X). Finally, ¢{0} = 0 and

diglz) _ 0@ dM@

o0z S o0 T e

I ol
<em E sen

1 = C2(A, ~X)

<
o) S 2

< 0.

The proof is complete.
As usual, the above theorem carries over to all T-invariant algebras.
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