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ABSTRACT

It is well-known that harmonic functions are characterised by a mean-value
property. We prove that a weaker approximate mean-value property suffices.

Let U be an open set contained in Euclidean space R", and let f be a real-valued
continuous function defined on U. Forae R"andr > 0, let

Bla,r) = {xeR": |x~a| <1},
o, = ZL"B(0, 1),

M(fiar) == f fx) d7),
Bla, r)

where #" denotes n-dimensional Lebesgue measure. It is well-known that f is
harmonic on U if and only if it enjoys the ““mean value property”:

fl@ = M(f,a,1)
whenever B(a, r) < U. The object of this paper is to show that an apparently weaker
condition suffices to guarantee harmonicity.

Theorem Suppose f is a continuous real-valued function on the open set U < R", and

i ME SN -1@ _ W

rlo r

foreachae U. Then fis harmonic on U.

It is worth remarking that, in the case n = 1, this result improves upon a theorem
of H. A. Schwartz. His result[3, p. 37, Theorem 1}is as follows:

Suppose f is a continuous real-valued function on the open interval (¢, d), and

hmf(a-l"r)“zf(a) +f(a—r)=0 (2)

alo l‘2

foreacha p (c, d). Thenfislinear.
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It is clear that the Schwartz condition (2) implies our condition (1), so his resultis a
corollary of ours. Our result lies somewhat deeper, since the proof involves measure
theory.

Proor or THEOREM. Suppose f satisfies (1) for each ae U. Fix an open disc D with
clos D = U. Then fis bounded on D, hence the least superharmonic majorant g and
the greatest subharmonic minorant 4 of f on D are bounded continuous functions on
D. We will prove that g and & are harmonic on D, from which it follows that fis
harmonic on D.

Since g is continuous on D, the set
E={xeD:f(x) = gx)}

is relatively-closed in D. On the open set D ~ E, g is harmonic, so that

lim M(g9 a, r)~g(a) =0 (3)
rio r
foreacha e D ~ E. On the other hand, ifa e Eand B(a, r) < D, then {

0 < g(a) - M(g: a, )')
= fla)- M(g, a,T)
<fla)- M(f, a,1),
so that (3) holds for a ¢ E also, in view of (1). Thus (3) holds foralia e D.
By a theorem of F. Riesz [2, p. 116; 4, p. 119], g may be written as a sum k + p,

where k is a function harmonic on D and p is the porential of a finite positive Borel-
regular measure y supported on E, i.e.

px) =-fly-xlduy), if n=1,

p(x) = -flogly-x|du(y), if n=2, and

px) =fly-x*""du(y), if n>3,
whenever x € D. Since k has the mean-value property, (3) implies that

}i?:p(a)_ﬂ;[z(p’ a, I‘) =0 (4)

whenevera e D.

At this point, we have to consider separately the casesn = 1,7 = 2, and n > 3.
We give the details for the case n >> 3. The other cases are more or less analogous.
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If B(a, 2r) < D, we have

a,,2"r" {p(a) - M(p’ a, 2’)}
= § {p@-p(x)} dL"(x)

B(a, 2r)

=§ [ {ly-a*"=|y-x*""} du(y) d£"(x)

B@a,2r) D

= | {ly-a " -|y-x|>"" d&(x) du(y).
D B(a, 2r)

Now the function |y ~ x|> ™" is superharmonic in x for each fixed y, so that

§ Aly-al " =ly-x""" d2"(x) >0,

B(a, 2r)
thus
2. 2"r" {p(a) - M(p, a, 2r)}
> § § o {ly-aPr -y - x[*7" d¥(x) du(y)
Bla, r) B(a, 2r)
o, 2"r" dL(x)
= I { n=2" n— } dl‘()’)
B(a, r) l}’ - al 2 B(a, 2r) ’J’ - x] 2
Let
A = B(a, 2r) n B(y, 2r),
B = B(a, 2r) ~ B(y, 2r).
Then by symmetry,

d?"(x) [ dZ"(x)

Iy__xln—z - la_xln—z :
A A

Also, for x ¢ B we have

|x-a] <2r <lx-yl,
hence

dFm(x) dL(x)

ly-x""* =
B

‘a_xln—Z )
B

Thus, since B(a, 2r) = A U B, we have

" dL"(x) < J‘ dF(x)
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so that
pl@) - M(p, a, 2r)

1 n
2 f { ’y__aln—z - 2n—1rn—2} d/l.(y)

Ba, r)

n
> rz—"{ I- —273} uBla, r)

uB(a, r)

= PR

Hence, by (4), for each a ¢ D we have
B(a,
HB@r)

n
rio r

The density theorem {1, p. 181, (2.10.19)(1)] now implies that u = 0, hence g = k is
harmonic on D.

The proof that % is harmonic on D is similar. This completes the proof.
We remark that the exponent 2 cannot be reduced in condition (1), since

i ME 8010 _,

r-o

whenever § < 2 and fis twice continuously differentiable at a.
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