T—invariance

Anthony G. O’Farrell*

Abstract.

The paper is about the function spaces on the plane that are invariant under the action
of the Vitushkin localisation operator, defined by

10 = (1) (0 05)

Tz

for ¢ € C*° and suitable distributions f. Such spaces are called T—invariant. The
question of T—invariance is examined in the context of translation—symmetric concrete
spaces (TSCS). Roughly speaking, these are complete locally—convex topological vector
spaces of distributions that contain the test functions, are modules under multiplication
by test functions, and are closed under complex conjugation and translation. The main
result is this:

Theorem. Suppose F'is a TSCS that admits a separable translation—measurable TSCS
topology. Then F' is locally T—invariant, and F,, is T—invariant.

The most useful consequence is:

Corollary. Let (1) F' be a small TSCS or (2) F be the TSCS dual of a small TSCS.
Then F is locally T—invariant, and F, is T—invariant.

A small TSCS is one in which C*° is sequentially—dense. The space F, is locally—
equivalent to F', and is constructed from F' in a canonical way.

* Supported by EOLAS grant SC/90/070
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1. Introduction.

Let C°°(C) denote the Frechet space of infinitely—differentiable functions f : C — C,
and let C*°., denote the nuclear space of all functions f € C°° that have compact
support. Consider the space of complex—valued distributions on the complex plane, the
dual O, of C*.. The Cauchy transform is the convolution operator €, defined on

certain distributions f by
—1
¢f = (—) * f.
TZ

More precisely, € is defined in this way on the space C°°’ of all distributions having
compact support, and it can be extended continuously to many larger topological vector
spaces of distributions, in which C*’ is dense. The Cauchy transform inverts the 0

operator
_ f f f
0f =5; =3 (a T ay)

on the distributions having compact support.
The Vitushkin localisation operator is defined by

Tyf =¢€(¢-0f)
=¢-f—C((09)-f)

for ¢ € C*°. and suitable distributions f. The purpose of this paper is to discuss
the continuity properties of this operator, which has played a crucial role in connection
with a number of investigations in complex analysis. Vitushkin himself used it in his
penetrating study of uniform rational approximation [10]. Arens [1] used it to show
that the maximal ideal space of the uniform algebra of all functions continuous on a
compact set X C C and analytic on intX is X. Gamelin and Garnett [4, 5] used it in
their work on bounded analytic functions. Davie [2] used it to study the bounded and
continuous analytic capacities. The author [6, 7] and others used it in connection with
holomorphic approximation problems in Lipschitz and other norms. The utility of the
operator is explicable in terms of the equation

T, f = ¢ - 0f.

This shows that Ty f is analytic wherever f is and off sptg, and that f —Ty f is analytic
on the interior of $~1(1). Thus it may be used to split up the set of essential singularities
of f. The idea behind this goes back to the derivation of the Laurent series, based on
the splitting of a function f, analytic between two circles into a function f;, analytic
inside the outside circle, plus a function fs5, analytic outside the inside circle. The usual
construction of f; and fs uses line integrals. Line integrals have more restricted domains
than area integrals, so one is led to use the other term of Pompeiu’s formula, replacing
the line integrals by area integrals. The result is the Vitushkin localisation operator,
with a special ¢.
In some situations, one meets the operator in the variant form

T3 f(w) // Jz) = Jw) S— ddy,



where X is a closed subset of C and f : X — C is a Lebesgue-measurable function.
The study of this variant reduces to the study of the global T (= T, Q(E:) when, as is often
the case, there is available a suitable extension operator.

When the 0 operator on C is replaced by an elliptic operator L on Rd, having a
parametrix £, then the equivalent to the Ty operator is the operator

Tif = E(¢- L),

defined on certain distributions f € C*° (Rd, C)es’. We will also discuss the continuity
of these operators.

It has been found over the years that the T} operator acts continuously on a great
variety of function spaces. This was verified in an ad hoc manner for each space as it
came up. The main point of the present paper is that there is a simple uniform way
to derive most of these results. We shall work with the class of translation—symmetric
concrete spaces (TSCS) and show that a very broad family of these spaces have the
property of local T—invariance.

In section 2, we introduce the TSCS and define some related concepts, including
small TSCS. In section 3, we lay out some constructions that start from a TSCS, F', and
produce spaces Fx, F(X), Fioc, Fes, Fso. We establish basic properties of these spaces.
In section 4, we study the convolution as a map from F x L'j,. to distributions, and
we establish a result (Theorem 4.1) which shows that under very general conditions,
convolution maps

ch X Llloc - FIOCa

FCSXLIOO—>FOO7

and, rather less generally,
FxL'— F

We also establish an automatic continuity result for such maps (Props. 4.3 and 4.4). In
section 5, we apply these results to the T operator, and we prove the main result:

Theorem 5.5. Suppose F' is a TSCS that admits a separable translation—-measurable
TSCS topology. Then F' is locally T-invariant, and F, is T-invariant.

The most useful consequence is:

Corollary 5.6. Let (1) F' be a small TSCS or (2) F be the TSCS dual of a small
TSCS. Then F is locally T—invariant, and F, is T—invariant.

This covers most interesting spaces. We also discuss T—invariance results for more
general spaces, and similar results for other T;-like operators, associated to operators
other than 0.

A word about notation: The special notation X — Y means that the topological
space X is a subset of the topological space Y, and that the inclusion map is continuous.
It does not mean that X has the relative topology from Y.

The dual F* of a topological vector space F' is the space of all continuous linear
functions T : F' — C. For our purposes, there are two interesting topologies to give F™*.
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The strong topology is that in which a neighbourhood base at the origin is provided by
the sets

polar(B) =45 {T' € F* : |[Tf| < 1,Vf € B},

where B runs over the bounded subsets of F. The weak-star topology is defined by the
sub-base

polar({f}) = {T € F* : |Tf| <1},

where f runs over F'. We use the notation F* to denote F™* with the strong topology,
and F’ to denote the same space with the weak-star topology.

The algebraic dual FT of F is the vector space of all linear functions (continuous or
not) from F' to C.

We denote by i the natural map i : F — F*T given by
GHT)=Tf , VYT €e F*VfeF.

We will use the following standard theorem which tells us how to distinguish the elements
of iF' from the other elements of F*T.

The Banach-Grothendieck Theorem. Let F be a complete LCTVS and let u € F*1.
Then the following three conditions are equivalent:

(Du e F,ie u€iF;

(2)u|polar(N) is weak-star continuous, whenever N is a neighbourhood of 0 in F';
(3)For some neighbourhood base B for 0 in F', we have that u|polar(NN) is weak-star
continuous, whenever N € B.



2. Translation—symmetric Concrete Spaces.

In [8] we introduced the class of symmetric concrete spaces (SCS), which admit, among
other symmetries, the compositional action of the full affine group. The results of the
present paper do not require the hypothesis of full affine-invariance, so we define the
larger class of translation—symmetric concrete spaces. A translation—symmetric concrete
space (TSCS) on R? is a complete locally—convex topological vector space (LCTVS), F,
such that

1. O®y — F — C*®./,

2. f+— f maps F — F continuously,

CCsxF—F
3.

makes F' a topological C'*°s—module.

F—F ) )
cr - 1s continuous
JrfoT

4. for each T €Tran,

and T — cr maps compact subsets of Tran to equicontinuous subsets of End(F).

Here Tran = Tra,n(Rd) denotes the group of translations. For 7" € Tran and f €
O, the ‘composition’ f o T is defined by the formula

(o foT)=(poT7"f) , Voe (%

The map ¢ : f — foT is a continuous linear automorphism of C*>°.’.

If a TSCS is normable, we call it a translation—symmetric concrete Banach space
(TSCBS). If F is a metrisable TSCS, we call it a symmetric concrete Frechet space
(TSCFES). The TSCBS are the most important TSCS. The others, including C,
O, C*, C>', the space of rapidly-decaying functions and its dual, the space of
tempered distributions, some weak-star duals of Banach spaces, and the spaces F.5 and
Floc (constructed below), are merely auxilliary.

In case F'is a TSCBS, the four axioms take the following form.

1. The statement C'*° .y — F means that C*°.; C F' and that there exist continuous
functions py, : R — [0,+00) ,(k =0,1,2,...) such that, given R > 0, all but a finite
number of the p, vanish identically on B(0, R), and such that

+oo
||¢||F < Zsup{pk(x) ) |Dk¢(m)| HEUES Rd} , Vo€ C™ -
k=0

The statement F — C*.’ means that ' C O, and that, given ¢ € O,
there exists x1(¢) > 0 such that

(&, Nl < k(DI fllF » VfeF.
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That f — f is bicontinuous means that for some constant ko > 1 we have

cyfle < Wflle < k2 | fllp ., VfEF.

Thus we obtain an equivalent norm

fe=slllfle + 1f1lrY

on F for which f — f is an isometry.

That F' is a topological C*°.s—module now means that there exist functions pj, like
the pr above, such that

—+ o0
leflle < [Iflle- D suppy - [D*¢| , VfeF , Vo€l
k=0

In fact, we may take it, if we want to, that p = pj.
The equicontinuity statement of Axiom 4 just says that for K CTran, K compact,
we have

sup ||er|| < +oo,
TEK

where ||cr|| stands for the operator norm of ¢ on F. A word of caution is in order:
Axiom 4 does not say or imply that ‘translation is continuous’ on F', i.e. that foT" varies
continuously in F' as T' varies continuously in Tran. In fact, for reasonable spaces, the
continuity of the map T +— cp from Tran into the endomorphisms of F' implies Axiom
4, but the converse is false. With F' = L°°, each cp is an isometry, but translation is
discontinuous.

Definition. An TSCS is called small if C*°. is sequentially dense in it.

As examples, L?, C*, Lipa, lipa, BMO, VMO, Sobolev spaces, Besov spaces, Bloch
space, Zygmund class (ZC) and Zygmund smooth class (ZS) are TSCS. The space LP? is
small if p < 400. Other small spaces are C*, lipa, VMO, and ZSioc.



3. Some TSCS constructions.

We summarise the relevant points from TSCS theory. These parallel the corresponding
facts from SCS theory, and the reader who would like to see more details could consult
[9].

Let F' be a TSCS. To a closed subset X C R?, we associate spaces F(X) — germs
on X, F'x — elements of I’ that are supported on X, and in terms of these we topologise
the spaces

Fioe =C*° - F and Foo=C%-F.

The definitions are as follows.
For E C RY, we define

Fg={f€F :sptf C E}.

This Fg is a vector subspace of F, and is closed in F' whenever E is closed in R?. For
compact X C R%, we define

J(F, X) = closp(Fpa_ ),
F(X)=F/J(F,X),

and we give F'(X) the quotient topology, so that it becomes a complete LCTVS. If F
is Banach, then so is F'(X) with the norm

If + J(F, X)|[px) = nf{llgllr - g — f € J(F, X)}.

We use the notation
fIX = f+J(F,X),

1fllrx) = 11X px),
for f € F,and we call the map
{fHﬂX
F — F(X)

restriction to X. Observe that in fact
| fllF(x)y = inf{|lg||F : g = f near X}.
As an example,

L ={feLl?: f=0a.e. off acompact subset of E}
JIP, X)={felP:f=0a.e on X}

and LP(X), as defined here, namely
LP/J(L7, X),
is isometrically isomorphic to L? (X, m9|X).
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If B4 C Es C Rd, we have the inclusion Fg, C Fg,. Thus for compacta X; C Xo,
we get continuous maps
J(F7 XQ) - J(F7 X1)7
F(X3) — F(X3).
We call the latter map a restriction also. This is consistent, because the diagram of
restrictions

F

7N
F(Xy) — F(X))

commutes. In the Banach space case, these restrictions are contractions.

We define
F’loc:COO'F:{fecoocs,:gbfeFu vqbeooocs}»
Fy=C% - F=C"NF

The ‘loc’ stands for ‘local’ and the ‘cs’ for ‘compact support’. These spaces inherit
natural topologies which make them symmetric concrete spaces. The topology of F)..
is the locally—convex projective limit topology induced by the identification

Foe = lim  F(X).

X compact

In other words, each restriction
F1loc — F (X )

is continuous, and the topology is the minimal locally-convex topology with this prop-
erty. If F'is a Banach space, then F'j,.is a Frechet space, with topology defined by the
seminorms

f = lfllrx), X compact.

The topology on
Fes = U Fx

X compact
is the locally—convex inductive limit topology, i.e. each of the inclusions Fx — Fg is
continuous and the topology is the largest locally-convex topology with this property.
In other words, a convex set G C Fis is open if and only if G N Fxis open in F, for
each compact X C R%. In terms of seminorms, the topology of F.s may be defined by
the seminorms of the form

Fe= sk(f) - sup pi(a),

k=1 zcR?

where si(k = 1,2,3,...)are continuous seminorms on F' and pj : RY — [0, 00) are
continuous functions such that on each compact set all but a finite number vanish.
Happily, C*® = (C) ¢s.



Proposition 3.1. If F' is a TSCS, then so are F,. and F.

Proof. We give the details for F'j,.. The other is similar.

Each Cauchy net {f,} C Fioc restricts to a Cauchy net in each F'(X)hence con-
verges in each F'(X). The limits are consistent under restriction, hence define an element
f € Floc, and f,, — f in Fo. (because this just says that f,|X — f|X for each compact
X). Thus F),cis complete.

Axioms 1 and 2 are simple to check.

To prove Axiom 3, we must show the continuity of the map

Coocs X Floc - Floc;
(¢, f) — of.

Take a seminorm t : Fo. — [0,00), induced by restricting a seminorm s : F' — [0, co)to
a compact set X, i.e.

t(f) =inf{s(g) : g € F, g = f near X}.

Since C® s x F' — F' is continuous there is a seminorm u : F' — [0,00) and a collection
of continuous functions py : R — [0, 00), such that on each compact K C Rd, all but a
finite number of p vanish, and such that

+oo
s(of) <u(f)- Y sup pp(x)|DF¢(x)| , VpeC® , VfeF.
k:OxeRd

Take a function x € C*®ssuch that x = 1 near X and let v : Fjoc — [0,00) be the
seminorm induced by restricting u to spty. Then

+oo
Ho) = Hxof) < o(f) - ) sup el D (x0)
k=0

whenever ¢ € C*°and f € Foc, and the map

—+o0
¢ — Y sup pi| D*(x9)]
k=0

is a continuous seminorm on C'*°.. Thus the map C®°. X Floc — Floc iS continuous.
The proof of Axiom 4 is broadly similar, and we omit the details. ]

The most useful equivalence relation on TSCS is local equivalence, defined by

loc

Py = Fy & Fiioe = Faloc.

The notion of local (continuous) inclusion, defined by

loc

Py — Fy & Fiige = Faloc,
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gives a partial order on the local equivalence classes. It turns out that for Frechet TSCS
the continuity of inclusion maps is automatic. In other words, for metrisable TSCS,
Fy C F5 is equivalent to F} — F5, so that

loc

F1<_>F2¢>F1100CF2100

The usefulness of the notion of local inclusion is illustrated by the LP spaces. One
1 1
never has LP — L4 if p # ¢, but L? < LY if and only if p > ¢, so < gives a linear

1
order on the P spaces. In general, <% is not a total order on the TSCS. For instance,

in two dimensions, the space C' = C° of continuous functions and the Sobolev space

1
W12 are unrelated by <

The following “F,, construction” is useful:
The space F,, associated to an TSCS, F', is the set of all those f € F, such that

f(-+a)B(0,1) -0

in F'(B(0, 1))-topology as a — cc.
Given F' €TSCS, let F, denote the space of all those f € Fc, such that

f(-+a)|B(0,1) — 0

in the topology of F(B(0,1)), as a — oo. Here f(- + a) denotes the composition of f
with the translation z — = + a, i.e.

<¢)7f('+a)> = <ZL‘I—>¢(ZL‘—CL),f> ’ ngecoocs'

The topology of F, is defined by the seminorms u obtained as follows. Take a seminorm
s: F —[0,+00). Let t: F(B(0,1)) — [0, +00) be the induced seminorm, given by

t(h) = inf{s(f) : fIB(0,1) = h}.
The seminorm u : Fi,y — [0, +00) is defined by
u(f) = sup{t(f(- +a)) : a € R},
If F'is a Banach space, then so is Fy,, and the norm is given by
1l = sup{IFC+ )l pBo.y : @ € RY).

In general, F, is a new TSCS, and is locally equivalent to F.
As an example, LY is the space of those f € L}, such that

||f||Lp(]B§(a71)) — 0 as a — oo,

and its norm is given by

Iy = sup [IfllLe Bean-
o] d ’
aeR
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Observe that the topology of F is defined by a family of translation-invariant
seminorms. Thus the family of all translations is equicontinuous on F.,. If F is a
Banach space, then each translation is an isometry on Fi.

The space F,, may be larger or smaller than the original F'. For instance, CY, is
the space, often denoted Cj, of continuous functions that tend to zero at infinity, and
is smaller than C?, whereas L2, is the space of measurable functions that have

/ ]f|2d:c — 0
B(a,1)

as a — 0o, and is larger than L2

For any TSCS, F, there is a canonical map i : F* — C®./, the adjoint of the
inclusion map C*s — F. This map is injective if and only if C*° is dense in F' (by
the Hahn-Banach theorem). Once that happens, both F* (the strong dual) and F’ (the
weak-star dual) are isomorphic to symmetric concrete spaces, and we refer to the image
of F* in C*®°, as the concrete dual of F. For instance, LY is the concrete dual of L?
when 1 <p < +o0, ¢ =p/(p—1).

In the opposite direction, if a TSCS, F', is isomorphic to the dual of some LCTVS,
G, then G itself is isomorphic to some TSCS if and only if C*°. is weak-star dense in
F'. Indeed, this follows on applying the remark of the last paragraph to (F', weak-star).

When a TSCBS is a concrete dual space F*, it is occasionally useful to pass to F’
to get results about F*. For instance, F’ is separable, whereas F'* may not be. The
most important examples are the spaces L™ and Lipa (see below).

Let F' be an TSCS in which C'*° is dense. For closed X C Rd, consider the spaces:

F(X)* : the dual of the restriction space F'(X),

(F*)x : the space of elements of the dual F** having support in X,

F*(X) : the restriction of the dual space, and

(F'x)* : the dual of the space of elements of F' that are supported on X.

There is a duality between these restriction spaces and support spaces, given by
the following.

Proposition 3.2. If C*° is dense in the TSCS F' and X is a closed subset ofRd, then
FX)"=(F")x,  (Fx)" =F(X).

(Strictly speaking these equalities are natural isomorphisms.)

Proof. We give the details for the first part. The other part is proved in a similar way.
The map
F(X)" - F~

T—g
where (f,g) = (f|X,T) ,Vf € F, sends F(X)* injectively and continuously into (F*)x.
To see that it is onto, it suffices to fix g € (F*)x and show that g annihilates J(F, X).

For this, it suffices to show that (f,g) = 0 whenever f € F has support disjoint from
X. Fix such an f, and let ¢ € C*° s be such that ¢ = 1 near sptf. Take a net {¢,},
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with ¢, — f in F. By the module property of F, ¥¢, — ¥ f in F' topology, hence
(1 =vY)pa — (1 =) f = f, whence 0 = ((1 — ¢)pa, g) — (f,g). We conclude that

F(X)" = (F)x

is an isomorphism. n

In the event that the space F' is an SCS, then so are the spaces Foc, Fcs, and Fio.

4. Convolution on TSCS.

We now consider the action of convolution by a locally—integrable function on elements
of a translation—symmetric concrete space.

For Lebesgue measurable functions f,g : RY — C, the convolution (f % g)(z) is
defined by

(f +g)(x) = / f(@ - y)gly) dy

whenever f(z —-)g € L'.
Convolution may be extended to various kinds of distributions, by starting from
the observation that

[ a@n@ds = [ [ r@gtwnty+ ) dyd:
whenever f,g,h € C.S. this formula suggests the definition

(0, f*g9)=(z—(y—dy+2),f)g) , VoecC%

for the convolution of distributions f and g. This makes sense, for instance, when one
of f, g has compact support. Thus we may consider it for f € F and g € Lj,.. If
the map f +— f * g is Fi—topology to Fr—topology continuous on Fj.s, then it extends
to a unique continuous map of F; into F,. We consider when this might occur, with
particular reference to the cases when F} and F5 are locally—equivalent. There is quite
a variety of possible results. We will give three in the following proposition, but first
we need a definition.

Definition. Let F' be a TSCS. We say that translation is weakly measurable on F' if
each of the functions

Y= <Tyf7 h>7

is Lebesgue measurable, where h € F'*, f € F', and 7, f denotes the translation of f by
_y:
W,y f) =(@—Px+y),f) , Vel

For instance, translation is weakly measurable on LP, p < 400, on C*, and on (Lo,
weak—star). We will shortly see other cases.
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Theorem 4.1. Suppose an TSCS, F, is separable and that translation is weakly mea-
surable on F. Then:

(1) Convolution maps Fcs X LYe — Floe, continuously.

(2) Convolution maps Fe x Ll — F., continuously.

(3) Suppose in addition that all translations act equicontinuously on F. Then convo-
lution maps F' x L' — F, continuously.

Remark. Part (2) looks somewhat arcane, but is useful because some interesting
convolution kernels like the Cauchy kernel in C and the Newtonian kernel in R? (d > 2)
belong to L' .

Proof. We give the details for (1). Let g € L', and f € Fs. We begin by extending
the domain of f *x g from C® to (Floc)* = (F*)cs, i.e. we define f % g as a linear
functional from (Foc)* to C, by setting

(h.fxg) = / (hory Do) dy . Vh € (Fioe)*.

The Lebesgue measurable function u : y +— (h, 7, f) is bounded, and vanishes off a
compact set, because sptf is compact and h is continuous on some F'(X), X compact.
Thus f % g is a well- defined linear functional on (F),.)*. To show it actually belongs
to Floc, it suffices, by the Banach-Grothendieck theorem, to show that f % g is weak—
star continuous on equicontinuous subsets of (Fc)*. Using the separability of Fioc, it
reduces to showing that if a bounded sequence {h,, };7>% C (Floc)* converges weak-star
to h € (Floc)*, then

(b, [ xg) = (h, [ xg).

For each y € R?, we have
(o, [ g) = (h, 7y ).

Since {h,, };7> is bounded, there is a seminorm s on F. such that {h, },7/> C polar{s <
1}, ie.
(s ) < s(ryf) , WyeRT . ¥neN.

Since s(g) = 0 when sptg is outside a certain compact, and sptf is compact, axiom 4
yields a constant M > 0 such that

s(ryf) <M , VyeR%

Thus the Lebesgue dominated convergence theorem yields

/<hn77_yf>g(y) dy — /(h, 7, £)9(y) dy,

which is what we want. n

The experts will recognise the foregoing as a variant of a standard result on vector
integration ([3], Theorem (8.14.14) p. 570). One might remark that the intuition behind
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this result is quite simple. Convolving a distribution with a locally—integrable function
is a process of taking limits of averages over translates of the distribution. TSCS are
nicely preserved under translation, and they are complete, so that it is reasonable to
suppose that they will be essentially preserved by convolutions.

Definition. We say that F' is countably sequentially generated by C. if C*® is
dense in F' in the following special way: Let F; be the sequential closure of C*°.4 in F'.
Let F,+1 be the sequential closure of F,,. For limit ordinals w, let F,, be the union of
the I3, B < w. The assumption is that ' = Fy, .

For metrisable TSCS, F' is countably sequentially generated by C'*°. if and only if
(>, is dense in F.

Lemma 4.2. Suppose F is a TSCS and is countably sequentially generated by C'° .
Then F' is separable and translation is weakly—measurable on F'.

Proof. The space C*° is separable, and is F'—dense in F', hence any countable C°o—
dense subset of O is F'—dense in F. Consequently, F'* is a space of distributions.
For ¢ € C*°s and g € F*, the function

z = ((y = ¢z +y)),9)

is continuous, and it follows from the hypothesis that for f € F', the function
x> (1o f, h)
is a Baire function, and hence is Lebesgue measurable. ]

The main consequence is that Theorem 4.1 applies in the cases when:

(1) F is any small TSCS, and in particular any Banach space in which C*° is dense,
(2) F is the weak-star dual G’ of any small TSCS, G.

An important point to note is that even in the second case we get a strong continuity
result for f x g. We formalise this, first in the Banach space case.

Proposition 4.3. Let F' be a TSCBS (separable or not).
(1) Suppose only that convolution maps Fcs X L'e — Floe. Then for each compact
X C RY, there exists a compact set Y (X) € R? and a constant x(X) > 0 such that

I glleco < - 11l - lgllg: )
whenever sptf C B(0,1).
(2) Suppose only that convolution maps Fs X L(l)o — Floc. Then for each compact
X C RY, there exists k(X) > 0 such that
If*glrxy < k- fllF- Hg”L}X,

whenever sptf C B(0,1).
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2) Suppose all translations are isometries on F, and convolution maps F x L' — F
pp p
(continuously or not). Then

1f*glle < I flle-llgllg-

Hence, % : F x L' — F is in fact continuous.

Proof. We prove only (3), since the others are similar. For f € F,g € L',h € F*, we
have

(h frg) = / (ho 7y ) 9(y) dyl
< Blle- - 1 e - Nl

and this suffices. =

Remark. The point is that as soon as the integrals all exist, f * g is an element of F™**,
and the map F x L' — F** is continuous. If for some reason we know that f g € F,
then we get the estimate, because the injection F' — F** is an isometry. ]

In the general case we have this:

Proposition 4.4. Let F' be a TSCS, and suppose that convolution maps
ch X Llloc - Floc-
Then the map is continuous.

Proof. Similar to the last. =
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5. Operators.

Definition. Let S be an operator defined on a set of distributions, with values in the
set of distributions.

We say that a topological vector space F' C C*. is S—invariant if F lies in the
domain of S and S maps F into F, continuously (with respect to the topology of F').
This is standard terminology, but we wish to introduce some more, useful when F' is an
TSCS.

We say that F' is locally S—invariant if S : F' — F),c, continuously.

We say that F'is co-locally S—invariant if S : F'.¢ — F', continuously.

We say that F' is bi-locally S—invariant if S : F'.g — Foc, continuously.

We make the convention that T-invariant means Ty-invariant, for each ¢ € C*.
In fact, invariance under Ty’s is actually of interest for a wider class of spaces than the
TSCS, so we allow for that in the following definition.

Definition. We say that a LCTVS F of distributions is T-invariant if Ty : F' — F
continuously, whenever ¢ € C'*° .

First we discuss invariance under the Cauchy transform, €.
For general TSCS, F', the 0—problem,

Ou = f (1)

with f € F, can rarely be solved with w € F'. For instance, it cannot be done in the case
F = C*°, or more generally, whenever F' = F ;. This is clear, because in these cases
the Cauchy transform necessarily gives the (unique) solution, and there are functions
f € U whose Cauchy transform does not have compact support. More generally, it
is usually the case that all solutions of (1) behave a little bit worse at co than f does.
What saves this situation is that in all reasonable spaces, the Cauchy transform € maps
F s into Flo, so that (1), with f € F, has a solution u € Fc.

Lemma 5.1. Suppose F is a TSCS that admits a TSCS topology with respect to which

it is separable and translation is weakly measurable. Then F' is bi-locally C—invariant.

Proof. By Theorem 4.1, convolution maps Fs x L'oc into Fioc, and by Prop. 4.4 the
map is continuous with respect to any TSCS topology on F. Since 1/z belongs to L.,
that suffices. n

Now we relate T—invariance to C—invariance.

Lemma 5.2. Let F' be a TSCS. Then the following are equivalent:
(1) F is T-invariant,

(2) F is co-locally T-invariant,

(3) F is co-locally C-invariant.

Proof. This is more-or-less obvious, in the light of the formula
Tof =¢€(¢-0f).
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If F'is a bi-locally €—invariant TSCS, then of course F',. is T—invariant, so there are
T—invariant TSCS in the local-equivalence class of F'. Usually, F'.. is a good deal larger
than F', and it is desirable to identify smaller T—invariant spaces, locally-equivalent to
F. First, we must determine what distinguishes the co—-locally €-invariant TSCS among
the bi-locally C—invariant ones. The criterion is very simple.

Lemma 5.3. Let F' be a bi-locally €—invariant TSCS. Then F' is T-invariant if and
only if it contains all those distributions f € F,. such that f is holomorphic on a full
neighbourhood of 0o, and f(co0) = 0.

Proof. A distribution f is of the form €g for some distribution g having compact
support, if and only if f is holomorphic on a full neighbourhood of co and f(oc) = 0.
Let us denote the set of such distributions by E.

“if”: Suppose F' contains Fi,. N E. If f € F and ¢ € C*, then Ty f belongs to
Foc since F is bi-locally €-invariant, and belongs to E since spt(¢ - f) has compact
support. Hence, it belongs to F. The continuity of the map Ty : F' — F' follows from
Prop. 4.5.

“only if”: Suppose F' is T—invariant and fix f € F,. N E. Take any ¢ € C*° that
equals 1 on a neighbourhood of sptdf . Then Tyf = COf = f,so f € F, as required. =

Now the space Fo,. N E of the above proof is not a TSCS. It is not closed under
complex conjugation. We can eliminate that problem by replacing the word “analytic”
by “harmonic” in the definition of the space E. The resulting space,

{f € Floc : f is harmonic off a compact and tends to 0 at oo},

is the least TSCS that contains F,. N E and is thus the least T—invariant TSCS in
the local-equivalence class. It is not, however, an SCS, because it lacks full affine—
invariance, and the least SCS that contains it is difficult to describe in explicit terms.
For applications which require affine—invariance, the situation is saved by the following
convenient fact (— recall that Fi, is an SCS if F' is).

Lemma 5.4. Let F' be a bi-locally €-invariant TSCS. Then F, is a T—invariant TSCS.

Proof. If we take a function f € F,. N E, then for large |a|, f(a + -) is analytic on
a neighbourhood of B(0,1), and hence belongs to C*.(B(0,1)), and it is easy to see
that it tends to 0 in C*°(B(0,1)). Thus it tends to 0 in F(B(0, 1)), since C*®° — F.
Thus the condition of Prop.4 is satisfied, so that F, is T—invariant. ]

The space F, inherits properties of F' such as normability and metrisability. In
general, it is neither larger than nor smaller than F. It is an invariant of the local-
equivalence class of F. The family of all translations acts equicontinuously on it (—
isometrically, in the Banach case). It is presumably a little larger than the minimal
T—invariant TSCS in the local-equivalence class, but this is a small price to pay for its
other desirable properties. Experience shows that it is, in any case, very little larger
than the minimum.
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For example, all the spaces L? for all p > 2, Co, BCF for all k € N, Lip8 and lipJ
for 8 > 0, ZC, ZS, W&P for all k € N and all p > 1, are T-invariant TSCBS’s (—
indeed SCS’s). The spaces LP with 1 < p < 2 and WU are locally T-invariant, but
not T—invariant. When T—invariance is needed, they may be replaced by the (larger)
Banach spaces LP,, and W loo.

Theorem 5.5. Suppose F' is a TSCS that admits a separable translation—-measurable
TSCS topology. Then F' is locally T—invariant, and F., is T—invariant.

Proof. Combine the lemmas. =

We state separately the most useful special cases:

Corollary 5.6. Let (1) F' be a small TSCS or (2) F be the TSCS dual of a small
TSCS. Then F is locally T—invariant, and F, is T—invariant. ]

It is noteworthy that previous proofs of the T—invariance of various special TSCS,
such as C, L? (p > 2), Lipa, and BMO, have involved substantial spadework. This
theorem uncovers the essential pattern in these results. The theorem also throws up
useful new observations, such as the availability of a T-invariant SCBS that is locally—
equivalent to L.

The most useful T—invariant spaces that are not TSCS are the spaces AC™.' (U)
of distributions analytic on a given open set U C S?. Since the intersection of two
T—invariant spaces is T—invariant, we obtain the following.

Proposition 5.7. Let F be a T-invariant space and let U C S*. Then
AF(U) ={f € F: f is analytic on U}

is T—invariant.

The next proposition provides other ways to extend the list of T—invariant spaces.

Proposition 5.8. (1) Let E be a T-invariant space and let F' be a T-invariant TSCS
that contains E. Then the closure of E' in F' is T—invariant.

(2) Let {E,} be a net of T—invariant spaces, directed by continuous inclusion maps,
and let E be | J E, with the inductive limit topology. Then FE is T—invariant.

(3) Let {E } be an arbitrary family of T-invariant spaces. Then (), E, is a T-invariant
space.

For instance, this can be combined with results above to show that the space of
uniform limits on C of sequences of Lip1 functions that are analytic on a neighbourhood
of a certain closed set X, is T—invariant, as is the space of functions approximable in
L* by functions analytic near a given compact and belonging to some LP for p > 8 (p
may depend on the function).
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Finally we note that the only properties of the T}, operator used in the above proofs
are that the kernel involved,

-1
T2
is locally—integrable, and its translates
-1
m(z —a)
tend to zero in
C>(B(0,1))

as a — o0o. Consequently, the results carry over to the T dj} operator associated to
any elliptic operator L that has a parametrix, as long as the parametrix shares these
properties. For instance, they work for the Laplacian in d—dimensions if d > 2. For
general smooth elliptic operators having a parametrix, the behaviour at oo will be bad,
but we still get the local-integrability, and hence the local TX—invariance.

References

1. Arens, R. 1958. The maximal ideals of certain function algebras. Pac. J. Math.
8, 641-8.

2. Davie, A.M. 1972. Analytic capacity and approximation problems. Transactions
Amer. Math. Soc. 171, 409-44.

3. Edwards, R.E. 1965. Functional analysis: theory and applications. Holt, Rine-
hart and Winston. New York.

4. Gamelin, T.W. and Garnett J.B. 1970. Distinguished homomorphisms and fibre
algebras. Amer. J. Math. 92, 455-74.

5. — 1971. Pointwise bounded approximation and Dirichlet algebras. J. Functional
Analysis 8, 360-404.

6. O’Farrell, A.G. 1977. Haudorff content and rational approximation in fractional
Lipschitz norms. Transactions Amer. Math. Soc. 228, 187-206.

7. —, 1979. Estimates for capacities, and approximation in Lipschitz norms. J. f.
d. Reine u. Angew. Math. 311/2, 101-15.

8. —, 1988. The order of a symmetric concrete space. Proceedings Roy. Ir. Acad.
88A, 39-48.

9. —, 1990. Notes on the symmetric concrete spaces. Maynooth Mathematics
Lecture Notes. Maynooth, Co. Kildare, Ireland.

10. Vitushkin, A.G. 1967. Analytic capacity of sets and problems in approximation
theory. Russian Math. Surveys 22, 139-200.

Maynooth College
Co. Kildare
Ireland

Draft 4. 24/6/91

19



